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GROUPOIDES AUTOMORPHES PAR LE GROUPE 
CYCLIQUE 


A. SADE 


I. Introduction 


1. Définitions. Nous appellerons groupoide un ensemble non vide, G, muni 
d’une loi (X) faisant correspondre a tout couple ordonné x, y € G, au plus un 
élément z de G, appelé produit de x par y, et satisfaisant a la loi d’homogénéité 
(2). Si EZ est l'ensemble des z la loi (X) définit une application de E sur G. 
On dira que G est incomplet si E C GG et ordinaire si E = GG. 

Un semi-groupe (5) est un groupoide associatif. 

Un quasigroupe, ordinaire ou incomplet, est un groupoide dont les éléments 
ont au plus un quotient a droite et un quotient a gauche. Le mot ‘“‘diviseur’”’ 
sera entendu au sens de “‘sous-quasigroupe’’. 

Soit Q un groupe additif d’entiers, ou d’entiers mod. n, et T un sous-groupe 
de Q. Soit (X) une loi binaire des éléments de Q telle que: 

(1) Q soit un groupoide, 

(2) l'application x + x + t, t € T, soit un automorphisme de Q. La structure 
ainsi définie est appelée un groupoide automorphe par le groupe cyclique T et 
est désignée par Q(X). Si Q = T on dira que Q(X) est automorphe par le 
groupe cyclique. 


2. Exemple |. L’ensemble des :.ombres rationnels muni de la loi: 


xXy=Rx+y)4+C 


3. Exemple Il. Le quasigroupe: 
xXy=— (x —y-—1)'+4(x —y—1) +945 (mod. 7) 
4. Un groupoide G(X) automorphe par le groupe cyclique est entidrement 
défini par la fonction f(x) = x X 0, ou par l'application 
S: x—xS = f(x), 


d’un certain sous-ensemble de G, dans G; la fonction f(x) étant définie pour 
tout élément de ce sous-ensemble. 


5. La condition exprimant qu'un groupoide, automorphe par le groupe 
cyclique, est un semi-groupe n’est pas simple. Bornons-nous a ce résultat: 
Il n’ existe aucun groupe automorphe par le groupe cyclique. 


Regu le 7 avril, 1956. 
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6. Pour qu'un groupoide G(X), automorphe par le groupe cyclique, soil un 
quasigroupe il faut et il suffit que la fonction x K 0 = f(x) satisfasse aux deux 
conditions : 

(3) sa fx)=fyY B@ x=y 
(ii) x —f(x) =y-—fly) @ x=y 
(mod. m si G est fini et d’ordre n.) 


La premiére exprime la loi de cancellation 4 droite (N° 1) pour y = 0. 
Montrons qu'elle est obéie par deux facteurs quelconques. L’égalité: 


x Xa=yXa, 
s’écrit, en vertu de l’automorphisme: 
(x —a)XO0+a= (y-—a)X0+a 
f(x — a) = f(y — a) 

Done (i) «= y¥. 
(mod. si G est fini.) 

La seconde exprime la loi de cancellation a gauche. 

Les réciproques sont immédiates. 


7. Les quasigroupes infinis, automorphes par le groupe cyclique, ont peu 
de propriétés. Toute fonction f(x) ayant une dérivée toujours négative, ou 
toujours plus grande que un, ou toujours comprise entre 0 et 1, fournit une 
solution. 


8. Tout quasigroupe ordinaire fini, automorphe par le groupe cyclique, est 
d’ ordre impair. 


Le quasigroupe étant ordinaire, /(x) décrit toutes les valeurs de x; donc, 
en désignant par » l’ordre du quasigroupe: 


Tf(x) =0+14+24+...4+("-1)=S (mod. ). 
D’aprés (ii), N° 6, la fonction x — f(x) décrit ce méme ensemble, donc: 
= [x — f(x)} =S=S-S (mod. n), 
S = n(n — 1)/2 =0 (mod. ) 
n = 2M + 1. 


Mais il existe des quasigroupes d’ordre pair incomplets, automorphes par 
le groupe cyclique. 

Exemples: x=01 2 3; et x=012345 
f(x) = 20-3 f(x) =~ 542-0 38. 

Le quasigroupe incomplet du 6 ordre: x = 012345;x K0 =301425: 
xM1=2152-0-;%*X%22415230;*X3=22-314-;*xX4= 
520314;x X 5 = 0-4-5 3, est automorphe par le sous-groupe du 3° ordre 
du groupe cyclique: 


T = 024.135; T?; T* = 1. 
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Il existe un quasigroupe ordinaire, automorphe par x — x + i, (i = 0,3, 6) et 
défini par: 
x= : xX1=% 485 
f(x) = 6 20 6. 

|!. Transformations préservant l'invariance par le groupe cyclique. 


9. D’aprés le N° 4 on peut identifier tout quasigroupe automorphe par le 
groupe cyclique avec la fonction correspondante: 


x X 0 = f(x) 
et parler du quasigroupe f(x) mod. m. On peut méme le représenter par la 


substitution x — f(x) mise sous la forme de produit de cycles. 


10. Si f(x) définit un quasigroupe automorphe par le groupe cyclique, les 
fonctions: 


a: x — f(x), 
b: — f(— x), 
ab = ba: x + f(-— x) (conjoint (3 p. 60, N° 75)), 
c: f—"(x) (réciproque), 
Dy: f(x + hy), 
E,: f(x) +A, 


jouissent de la méme propriété. 
Soit f(x) une fonction satisfaisant aux conditions (3) du N° 6. Alors, 


(a) g(x) = x — f(x) 

sera encore une solution, car 

(i) g(x) = gy) @x — f(x) = y —f(x) Sex = y, 
puisque f(x) est une solution. 


(ii) x — g(x) = f(x), 
donc 
x — g(x) = y — gly) Hf(x) = f(y) eax = y. 


Les autres parties s’établissent de maniére analogue. 

Si f(x) est d’ordre n, les m opérations E,, (kh = 0, 1,...,” — 1) forment 
un groupe cyclique car, si l’on désigne chaque opération par la valeur corres- 
pondante de h, ce groupe est isomorphe au groupe additif des restes, mod. n. 


11. Groupes formés pdr les opérations précédentes. Considérons l'ensemble F 
de toutes les fonctions f(x) solutions des conditions (3) pour une valeur 
donnée de nm. Chacune de ces opérations a, b, c, D, E fait correspondre a 
chaque f(x) une f(x) et une seule et réciproquement. Ce sont des transforma- 
tions de F. Elles forment un groupe, sous-groupe du groupe total (8, p. 3). 
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Les opérations a, 6 et les opérations b, c engendrent deux groupes carrés. 
En effet, ab = ba (N° 10), et bc = cb, car l'une comme I’autre transforme x — 
f(x) en x > — f-'(— x). 


L’opération ca = (ac) est du 6°™* ordre et (ca)* = b. 
Les opérations a, b, c engendrent un groupe diédral du 12™* ordre, défini par: 


ab = ba, bc = cb, a? = 5? = c? = 1, (ac)* = (ca)* = BD. 


12. Les opérations E,, et D, sont transformées l'une de l'autre par c. 
cE,c = Dy. 


13. D et E sont des isotopies (1). Si D, = E,, en posant f(x + h) = z et 
f(x) = y, on aura: 


f(x+hE, =z+k 


et 

f(x + h)D, = y, 
d’ov: 

y=2+k, 
ou: 

f(x) = f(x +h) +k, 
et enfin 


f(x) =ax+b (ah+k =0, mod. n). 


Pour que f(x) et x — f(x) décrivent toutes les valeurs de x il faut de plus 
que a et a — 1 soient premiers avec n. Ainsi: 


Les quasigroupes f(x) pour lesquels toute opération D est aussi une opération 
E sont f(x) = ax + b, o8 a et a — 1 sont premiers avec n. 


Les opérations (a), (6), (c) du N® 10 laissent cette propriété invariante. 
Si a = (mn + 1)/2, on aura un quasigroupe abélien. 


14. Voici les lois de composition de tous les quasigroupes ordinaires, auto- 
morphes par le groupe cyclique, jusqu’A m = 9. a et a — 1 sont premiers 
avec n, b et c sont quelconques. 

Pour toute valeur de ” on a d’abord la solution: 

xXy=a(x-—y)+tyt+) 


Pour n = 7, on a, en plus: 


eX y= a(x-—ytoi+4e—ytotytod. 
Pour = 9, on trouve 28 solutions, aux isotopies D et E prés, dont 
xXy = 3(x — y)?+2x-—y 
et | 
x XO = 1 + 6(3) + 7(3) + 2(3) + 506) + 3(6) + 60%). 
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Quand 2 est pair, il faut avoir recours a des fonctions irrationnelles. Exemple, 
n = 4: 


f(x) = xX0 =+/(17x?—41x+24) /6 


représente le quasigroupe du N° 8. 


III. Composition des quasigroupes 


15. Si f(x) est un quasigroupe d’ordre p automorphe par le groupe cyclique 
et st p:(y), x = 0,1,...,p — 1, sont p quasigroupes d' ordre m encore automor- 
bhes par le groupe cyclique, alors: 


F(x + py) = f(x) + ppe(y) (mod. n) 


est un quasigroupe d’ordre n = mp, automorphe par le groupe cyclique. 


Exemple:f = (01) (2); po = (0214) (3); p: = (02) (34) (1); p2 = (0412) (3). 


X=x+3y=01 2 345678 91011 1213 14 
F(X) = 76141338402101211 1 9 5 


Quand x décrit le champ (0, p — 1) et y le champ (0, m — 1), la fonction 
f(x) d’une part et chacune des fonctions p,(y) de l'autre décrivent respective- 
ment les mémes champs. Donc F prend toutes les valeurs de 0 4 mp — | et 
il en est de méme de x — F(x). 


16. Dans les conditions du N° 15, il existe une partition réguliére sur le 
quasigroupe F(X). Les p cosets sont les ensembles x + py, ot y décrit les m 
valeurs 0,1,...,m — 1. A chaque valeur de x correspond un coset; le systéme 
des représentants est x = 0,1,..., p — 1. Le quasigroupe quotient est isomorphe 
au quasigroupe f(x). Pour que la partition définisse un diviseur normal (4) 
il faut et il suffit que f(x) soit idempotent; tous les cosets sont alors diviseurs nor- 
maux. 


Il est d’abord évident que les ensembles x + py sont disjoints car si 


a+ py 


b + py’ (mod. mp), 
on aura 

a-b=0 (mod. p), 
donc 


a = b, 


puisque a et 5 sont plus petits que p. 

Soient a + py un élément du coset x = a et b + py’ un élément du coset 
x = 5. En notant (X), (*) et (-) les opérations de f, pz» et F = f + pp, 
leur produit sera: 
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P = (a+ py) - (b+ py’) 


la-— b+ ply — y’)]-0+ 5 + py’ 

Fla — b+ ply — y')] +b + py’ 

f(a — b) + ppa»e(y — y’') +O + py’ 
(a— 6) X0+6+pl(y—y')#0+y' 
P=aXb-+ ply*y’) =c+ py”. 


Il 


Ainsi P appartient au coset représenté par x = a X b = ¢. 

La loi de composition des cosets est la méme que celle de leurs représentants 
et il existe un homomorphisme canonique de F sur f. 

Si f n’a aucun élément idempotent, aucun coset n'est fermé. Si un coset est 
diviseur normal, tous le seront, car si a X a = a, tous les éléments de f(x) 
seront idempotents, 4 cause de l’automorphisme (a + 1) KX (a + 1) = a+ 1. 


Exemple. Le quasigroupe examiné au N° 15 et représenté, avec la notation 
du N° 9, par: 
F(x) = (0,7) (1, 6, 4, 3, 13, 9, 10, 12) (2, 14, 5, 8) (11) 
a trois cosets 
0, 3,6,9, 12; 1,4,7, 10,13; et 2,5, 8, 11,14, 
mais f(x) n’ayant aucun élément idempotent, aucun coset n'est diviseur 
normal; il y a seulement partition réguliére et homomorphisme naturel du 
quasigroupe F sur le quasigroupe quotient, isomorphe a f. 
Soit au contraire le quasigroupe défini par: 
pb = 3;m = 5; f(x) = (12) (0); po = pi = pe = (0) (1243), 
d’ou: 
F = (1,2) (3, 6, 12, 9) (4, 8, 13, 11) (5, 7, 14, 10) (0) 
(Notation du N° 9). 


Comme f(x) est idempotent, tous les cosets sont diviseurs normaux. 


17. Si p.(y) ne dépend plus de x, et si l'on considére, pour l'ensemble de tous 
les nombres entiers (p = 1,2,3,...,) tous les quasigroupes f(x) (mod. p) auto- 
morphes par le groupe cyclique d’ordre p, les fonctions f forment un semi-groupe 
(5) non commutatif, avec unité bilatére, par rapport a la loi de composition 


fep = f + pp. 
Cet ensemble est fermé d’aprés le N° 15. II est associatif car, si f, p et y sont 
trois fonctions, mod. p, g et r respectivement, on a 
(fep)ey = (f + po)ey =f + pop t+ po (mod. pgr), 
fe(pey) = fe(po + gv) =f + pot pov (mod. pgqr). 


L’unité est la fonction f = 0, correspondant au quasigroupe du 1* ordre 
0«0 = 0 = u; elle est bilatére car feu = usf = f. 


-_ 
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18. Si p,p’,... sont des entiers positifs quelconques et si M = |p,p',... | 
est le semi-groupe multiplicatif engendré par ces entiers, l'ensemble des fonctions 
f(x) (mod. qg), g € M, est un semi-groupe, diviseur du semi-groupe défini au 
N° précédent. 


Car il est fermé et contient I'unité; il est associatif. En particulier l'ensemble, 
au sens de la multiplication, +, définie au N° 17, des puissances d'une fonction 
unique f(x), d’ordre g, est isomorphe au semi-groupe additif des entiers. Si 
l'on pose: 

M=_O+f/+qfo+qft+...+ 7 "J 


alors, 


fra ft! a fern, 


IV. Recherches sur l'automorphe (8, p. 40) de f(x) 


19. Quand un quasigroupe Q(X), fini ou non, automorphe par toutes les 
transformations C; x +x +h, est engendré par un de ses éléments, son auto- 
morphe se réduit au seul groupe cyclique C. 


Soit Q = {a}; a cause de l’automorphisme x — x — a, Q est aussi engendré 
par l’élément zéro. Soit 


un automorphisme quelconque de Q, et v l'image de 0 par /7. On montre par 
induction que, pour tout x dans Q, on aura: x = x’ = x + 0. 
Soient a et b deux élément de Q pour lesquels on suppose 


a’=at+vet b’ =b+2. 
En vertu de l’automorphisme C: 
a’ Xb’ = (a’ — 0’) X04+ DW = (a — 5) XO04+ 5042, 
et comme 


axXb=(a-b)xX048, 
a’ xb =aXb+2. 


La propriété étant vraie pour a = 6 = 0, et Q étant engendré par 0, la 
propriété est générale-et H € C. 


20. En particulier, si l'une des trois équations: 0 X 0 = x; x X0 = 0; 
0 Xx = 0a pour solution un nombre premier avec n, le quasigroupe Q(X), 
d’ordre n, automorphe par le groupe cyclique C, admet C pour automorphe. 
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21. Si un quasigroupe Q(X) est automorphe par le groupe cyclique, si0 X0 =a 
et si x—+»x’ est un automorphisme quelconque de Q, on a, pour toute valeur de k; 


(ka +r)’ = ka+r’. 


La proposition est évidente si k est nul et on la généralise sans peine par 
induction. 


22. Si Q(X) est un quasigroupe d’ordre n, automorphe par le groupe cyclique 
C = {c}, c =0,1,...,” — 1, tout diviseur propre D de Q est composé des 
éléments de une ou plusieurs suites; 


t,ti+p,i+2p,...,i+ kp,...,t+n— p, 
on p\n et i < p; la valeur de p restant la méme pour toutes les suites de D. Il 
existe p telles suites, disjointes, correspondant aux p valeurs de i1(i = 0,1,..., 


b — 1). Enfin, D est automorphe par le diviseur {c?} du groupe cyclique C. 


Puisque C opére transitivement sur Q, tout élément de C ne peut pas 
étre un automorphisme de D. Comme les conditions cD = D D = D 
impliquent que c*-*D = D, le sous-ensemble des éléments de C, qui sont 
des automorphismes de D, forme un sous-groupe. C étant cyclique, ce sous- 
groupe est de la forme {c’}, ot p/m et est le plus petit entier satisfaisant a 
ce’D = D 

Si D contient l’élément i, il contiendra les n/p = m éléments distincts: 


(4) 1,t+p,it+2p,...,i+kp,...,t+n — p. 


L’automorphisme x — x + 7, (r < p) transformera D en un diviseur D’, 
pouvant coincider avec D, qui contiendra les éléments: 


(5) i+tr,pt+ticgne,...,kptity,....n—ptic+gr. 


On voit immédiatement que les suites (5) correspondant a des valeurs dis- 
tinctes de r sont disjointes. Elles réalisent une partition des m éléments de Q, 
épuisant l'ensemble de ces éléments, puisqu’elles sont disjointes, au nombre 
de p, et composées de n/p éléments chacune. 


23. Si un quasigroupe Q(X) d’ordre n, automorphe par le groupe cyclique, 
x—+x +h, n'est engendré par aucun de ses éléments. 


(1) Chaque élément de Q engendre un diviseur d’ordre constant m (mp = n). 


(2) Le nombre des diviseurs distincts ainsi définis est p et chacun d’eux est 
engendré par n’importe quel de ses éléments. 


(3) Ces p diviseurs sont disjoints, isomorphes entre eux et l'on passe de l'un 
@ tous les autres par les transformations: 


x—x+h(h =0,1,2,...,p— 1). 


ow 
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4 (4) Le diviseur engendré par I'élément 0 est: D = 0, p, 2p, 3p,...,n — p, 
Ys et on l'obtient en multipliant par p, sans changer la loi de composition, un quasi- 
groupe quelconque d’ordre m, automorphe par le seul groupe cyclique d' ordre m, 
c'est-d-dire engendré par un seul de ses éléments. 


(5) Tous ces diviseurs ont le méme automorphe, a savoir le groupe cyclique d'or- 


, dre m: 
} x—x+kp,k = 0,1,2,...,m —1. 
: Preuve. Soit un quasigroupe Q(X) d’ordre n, non monogéne, et automorphe 
, : par le groupe cyclique C: x ~x + h; h = 0,1,2,...,” — 1. Soit D le sous- 
quasigroupe propre engendré par |’élément zéro: {0} = D C Q. Si l'on fait 
, subir 4 D toutes les transformations C, 4 chaque valeur i de h correspondra 
7 ; un diviseur D,, isomorphe a D: 


, : x 
“= o(. + ) : 


et D, sera engendré par |’élément i de la méme maniére que D |'était par I'élé- 


Ss 
D ment 0. On obtiendra ainsi m diviseurs. 
t ? Soit a un élément non nul de D, D, = {a}. Comme a € D, D, C D. Mais 
* D, =D, donc D, = D. Ainsi chacun des n diviseurs D, est engendré par 
4 ! n’'importe quel de ses éléments. 
Soit p le plus petit élément non nul de D = {0}. Donc 
~ & D D ( : ) 
p=tel=D=D, ft, 
y Par suite D contient, outre l’élément zéro, les éléments p,2,39, . kp;.. 
(mod. m), dont le plus petit (mod. ) est p par hypothése. On voit fee idement 
que p|n et kp < m; on peut poser mp = n; k < m. Supposons alors que D, 
: en plus de 0,p,2p, ... , (m — 1)p, contienne un autre élément g, non multiple 
5- de p, par exemple: 
), kp<q<kp+p<n, 
re 
l'égalité correspondant au cas ol k = m — 1. 


S’il en était ainsi, le diviseur: 


e, ( x ) 
D' =D, — wp 


contiendrait l’élément zéro et coinciderait avec D. D'autre part, il contiendrait 
St élément g — kp. Or . 
O<q-—kp<p 


et, contrairement a l’hypothése, p ne serait pas le plus petit élément non nul 
de D. Ainsi, D = 0, p, 2p,...,kp,..., (m — 1)p. 
Chaque diviseur D, est d’ordre m et le nombre des D, distincts est p. 
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D'aprés le N° précédent ces diviseurs sont disjoints. Si l'on remplace dans 
D tous les éléments 0,p,2p, .. . , m — p par leurs quotients par p: 


Pikes + «a me = 5, 


en respectant la loi de composition de Q, on obtient évidenment un quasi- 
groupe isomorphe a D par x — (x/p), dont l'automorphe se réduit (N° 19) 
au groupe cyclique d’ordre m: x ~ x + k, (k = 0, 1,2,...,m — 1) puisqu’il 
est engendré par |'un quelconque de ses éléments. 


24. Si un quasigroupe Q(X) est automorphe par le groupe cyclique et 
Do, Di, De,..., Dp-1 sont les diviseurs d’ordre m = n/p engendrés par les 
divers éléments de Q, tout automorphisme T de Q projette chaque diviseur D, sur 
un diviseur D,, l'isomorphisme induit par T entre D, et D, étant: 


7 


x—x+j-—t (tT =) 


L’automorphe de Q induit sur l'ensemble des indices 0,1,2...,p — 1 


un 
groupe de transformations. 


Preuve. Soit T un automorphisme de Q et soit a l'image de zéro. 
O07 =a. 

Alors tous les produits engendrés par 0 se projettent sur les produits engen- 
drés de la méme maniére par a et tous les éléments de Dy, ont des images bien 
déterminées et définies par la seule donnée de |’image de 0. 

Si 0 X 0 = kp, d’aprés l’'automorphisme, 

aXae= kp + a, 
de sorte que, 
DoT = Dag. 


Plus généralement si i a pour image j, l'image de {7} sera évidenment }7}, 
car si 
iT=jrith, 


d’aprés le N° 21 
(kp+iT=kpt+iT=kp+it+h, DT =Dy, = Di 


Tout automorphisme T de Q induit donc sur l'ensemble des diviseurs Dy, 
D,, Dz, . . . ,Dp-, une transformation ¢ des indices 0,1,2,3,...,p — 1 


. L’auto- 
morphe de Q induit sur l'ensemble 0,1,2, . . . 


, Pp — lun groupe de substitutions 


25. Dans les conditions du N® 24, si g est l'ordre du systeéme minimal dé 
générateurs de Q, l'ordre de l'automorphe de Q est un diviseur de m*p!/(p — g)!. 


oo 





s1- 


D) 
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Si l'on choisit un élément quelconque dans chaque diviseur: ad») © Dy, 
a, € Dy,...,a, € Dy,...d’aprés le N° 24, tout automorphisme T de Q 
sera entiérement défini si l’on connait les images: 


Ge @ Gel, ..., 84 @ Gely.s:: 


Mais ces images ne sont pas indépendantes enaénéral. 

Soita;,@,,...,@, un systéme minimal de générateurs indépendants de Q 
(c’est-A-dire comprenant le plus petit nombre possible de générateurs tels 
que, par la suppression d’un de ces générateurs, les éléments restants engen- 
drent seulement une partie propre de Q). Alors si les images des générateurs 
sont connues, il est clair que l'image d’un élément quelconque de Q sera définie 
Le nombre des éléments de Q dont on peut se donner arbitrairement l'image 
est donc égal au nombre minimum des générateurs; soit g ce nombre. 

On observera encore que ces g générateurs appartiennent nécessairement 
a g diviseurs distincts parmi les diviseurs Dy, D;,..., D,_, Car si deux 
d’entre eux appartenaient au méme diviseur, D, on aurait évidemment un 
systéme de générateurs plus court en supprimant I’un d’eux. 


Ilya m'(?) gh = mt (p—g)i=q 


maniéres de choisir les images des g générateurs. Les substitutions ainsi 
obtenues forment un groupe d’ordre g, dont l'automorphe de Q est un diviseur, 
toutes ces substitutions n’étant pas nécessairement des automorphismes de 
0. 

Si p = 1, alors g = 1, m = n = q et l'automorphe de Q est d’ordre n, 
conformément A la conclusion du N° 19. 


26. Le diviseur D, n'est pas nécessairement normal. 


Exemple. 
Le quasigroupe: 
S: F(x) = (0, 10) (1, 3, 11, 14, 8, 9, 7, 13, 12, 4) (2, 6) (5 
automorphe par le groupe cyclique du 15° ordre, a pour diviseurs 
D,=1,5+1,10+2 (t = 0,1, 2,3, 4) 


Mais aucun de ces diviseurs n'est normal 


27. Si Q est un quasigroupe d'ordre n = mp, automorphe par le groupe cyclique 
C,, si Do, Di, ..., Dy-1 sont les p diviseurs d’ordre m engendrés par les divers 
éléments de Q, pour que Do (et par conséquent tout D;) soit normal dans Q i 
faut et il suffit que Q soit défini par une fonction F(i+ py) = f(t) + pew 
on j = f(t) est un quasigroupe idempotent d'ordre p, automorphe par le groupe 
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cyclique C, et ov pi(y), (y = 0,1,2.. 
(¢ =0,1,. 
cyclique Cy. 

On a alors D, X Dy = 
f(t) par Dy i. 


.,m — 1) définit pour chaque valeur de i 
..,P— 1) um quasigroupe d'ordre m, automorphe par le groupe 


D, et le quasigroupe quotient Q/D est isomorphe a 


Preuve. Si D est normal, tout D; est normal et il est évident que, pour toute 
valeur de i, les produits de tous les éléments de D, par 0 doivent appartenir 
a un seul diviseur, par exemple D,. Réciproquement, si cela a lieu, il est facile 
de montrer que tous les D; sont normaux. En effet, par définition (23), on a: 


x 
“= d{.* ;). 


Supposons: D,; X 0 = D,, alors, 4 cause de l’automorphisme 


D isep x kp = D sup: 
Mais Di4., = Dj, puisque 


Disney = Di. tJ 
et que D; = i, i+ p,..., donc 


D, X kp 


D;, 
quelque soit k, ce qui signifie 


D,;X Doe =D 


i 


et par suite 
D isn Xx D, = D j4n- 


Donc Dy sera bien normal si, pour toute valeur dei (i = 0, 1,2,...,p — 1) 
on a 


D,xX0=D,. 


Cette relation établit une correspondance biunivoque entre chaque élément 
de D;: i+ kp € D, et un élément: j + %p de D;. Reste a exprimer que 
cette transformation satisfait pour tout x € Q, a la condition: 

x—-xXO0=y-yxXO0rPx=y (mod. 2) 


(On observera que D est toujours normal si m = n/p = 3.) 
En s’occupant d’abord des x € D,, on aura: 


x =4, i+ p, c > a eee i+ mp — p. 
F = j + 20p, j + “ip, j + 22p,..., I+ 2p perry i t+ 2m—1p. 
x— F=i—j — 2p,i1 —j — (21 — 1)p,t —j — (22 — 2)p,..., 
i—-j—(%&—k)p,..., i — j — (Zm-1 — m + 1)p. 





J 


t 


~ 
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Pour que ces différences soient toutes distinctes deux A deux, il faut que, 
en posant: 


y = 0,1,2,3,...,8,...,m—1. 
et 
pi(y) = Zo, 21, 22, 23... 5, Bp. . + » Sm—ty 


la fonction p;(y) satisfasse a la condition: 


, 


y—pily) =v —ply/)ey=y (mod. m) 


Cela exprime que p définit un quasigroupe d’ordre m, automorphe par le 
groupe cyclique C,, et d’ailleurs quelconque. 

Si toutes les différences i — j + (k — %)p sont distinctes elles seront, A 
l’ordre prés, égales a: 


(6) ti—-jit—-j+op,t—jt2p,...,t—j+ (m — 1)p. 

En considérant maintenant toutes les valeurs de x, il faut exprimer que 
la suite (6) n’a aucun terme commun avec chacune des suites analogues: 
(7) i—j,t —ji +p, —j +2H,..., i’ — j' + (m — 1)p, 
ov i,j, 7,7’ < p. 

Or il est facile de voir que, pour que (6) et (7) n'aient aucun terme commun 
il faut et il suffit que: 

i~ Jet =F, 


car: [1], si i — 7 = i’ — j’, alors les suites (6) et (7) ont tous leurs termes 
deux 4 deux égaua et par conséquent ne sont pas distinctes; [2], si (6) et (7) 
ont un terme commun, par exemple: 


ti—-j+kp=i-—-j'+k'p (mod. n), 
on en déduira 
(i—j) — (i — 7’) = (RX — k)p (mod. mp) 
ce qui exige 
i—-j=i'-j (mod. p) 


et comme # et j sont plus petits que p, 
i—j=i —j. 
Finalement il faut que la transformation i — j satisfasse a 


i—jsi —j, i #1’, 


ou, en posant j = f(1), 


i — f(i) #7’ — f(7’), 
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Donc la fonction f(z) définit encore un quasigroupe, d’ordre p, automorphe 


par le groupe cyclique C,. D’ailleurs ce quasigroupe est idempotent car 
D,X D, = Dy. 


La réciproque résulte du N° 15 et la derniére partie du N° 16. 


28. Dans les conditions du N° 27, si P est l'ordre de l'automorphe de f(i), le 
nombre des automorphismes de Q est un diviseur de Pm®* on g désigne comme au 
N° 25 le nombre minimum de générateurs indépendants de Q. 


Tout automorphisme de Q est défini par un ensemble de p substitutions 


Six—x+t+kp+j-1 (ek = 0,1,2,...,m— 1) 


oul 1 — 7 est un automorphisme de f(z) et o la substitution s; opére sur un 
seul diviseur D,. 

D’autre part, d’aprés le N° 24, tout automorphisme 7 de Q projette un 
D, sur un D,, c’est-a-dire permute les D, entre eux. D étant normal, T induit 
sur le quasigroupe quotient f(z) d’ordre » un automorphisme /. Et, si iT = j, 
l'‘automorphisme T induit un isomorphisme de D, sur D,. 

Le nombre des automorphismes / est au plus égal a celui des automorphismes 
du quasigroupe f(z), soit P. 

Comme tous les D sont monogénes, chacun a pour automorphe le seul 
groupe cyclique d’ordre m. 


x—x+kp (ke = 0,1,...,m=— 1). 


Si R est un isomorphisme de D, avec D,, 


DR = D,, 


comme on a: 


et par conséquent 


) ” ) =D 
R= Dy 


tous les autres automorphismes seront compris dans la formule: 


x 
(, + a - 


Or D, est isomorphe de D; par x + i— x + j, c’est-a-dire: 


as @- 


Donc tous les isomorphismes de D,; avec D, sont exprimés par les trans- 
formations: 


~ 





a. 





——a | 
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5 tMesd d= Genter) 
~ Aw t+ kp/\x4+7-i 0 Wwtkpt+ij-i 


i,j fixes; k = 0,1,...,m— 1. 


~~ 


Pour chaque D, il existe donc m substitutions, correspondant aux m valeurs 
de k et projetant D, sur D,. 

L’automorphisme 7 de Q induit un isomorphisme de D, avec D, compris 
dans les m substitutions S ci-dessus. Cela peut é¢tre répété pour les p diviseurs 
D,, mais si Q a g générateurs, le choix de k n'est libre que pour ces g générateurs 
et finalement le nombre total des automorphismes de Q est un diviseur de 
Pm’, ordre du groupe défini par les ¢ et par les S. 


Exemple I. 


k (0, 3) (1, 5) (2, 4) (6) (7, 8) 
p=m=3;D, = 0,3,6; D; = 1,4,7; De = 2, 5, 


8 
S, = (*); S, -( : .) S: = ( . ) 
x x+3 r+6 
T = (0) (3) (6)- (147) - (285) 


Exemple IT. 


F = (0, 10) (1, 7, 9, 13) (2, 14, 8, 6) (3, 11, 12, 4) (5) = f + 5 pily 


Ce quasigroupe est engendré par (0,1). Tout automorphisme est défini 
par les images de 0 et de 1. L’automorphe de Q est donc d’ordre 9. 5!/3! = 180 
ou un diviseur de 180. 

En écrivant i pour D,, le quasigroupe quotient devient f(7) lui-méme. Son 
automorphe est du 20°"* 
| (1243) }. 


ordre; il contient Cs et le sousgroupe du 4°™* ordre 
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SOME GENERALIZATIONS OF BURNSIDE’S THEOREM 
N. A. WIEGMANN 


1. Introduction. Burnside’s Theorem in the theory of group representations 
states that a necessary and sufficient condition that a semigroup of matrices 
of degree m over the complex field be irreducible is that the semigroup contain 
n? linearly independent matrices. In the course of dealing with sets of matrices 
with coefficients in a division ring, Brauer (1) obtained a generalization of this 
theorem which concerned irreducible semigroups with elements in a division 
ring. In the present work irreducible semigroups of matrices with elements 
in the field of real quaternions are considered and generalizations of Burn- 
side’s Theorem of a more specific nature are obtained by using certain properties 
of matrices with such elements. 

The following facts and terminology may be briefly noted. Let & be a 
semigroup (relative to multiplication) of quaternion matrices of degree n. By 
the /-rank (i.e., left rank) of & is meant the maximum number of left linearly 
independent matrices in &%; r-rank has a corresponding meaning. If every 
matrix A of & is of either form 

i 2 
O Ag 


[4 ya 
A; Ag 


where A; is m X m, m <n, the semigroup is said to be decomposed. If & is 
such that there exists a non-singular quaternion matrix P such that the set 
PUP is decomposed, then W is said to be reducible; if not W is said to be 
irreducible. According to a result (1, 4.4B) of Brauer’s, Schur’s Lemma holds 
for semigroups of matrices with elements in a division ring: If % and B are 
irreducible semigroups which are intertwined by a matrix P, then P is either 
0 or non-singular. This result could be obtained in the real quaternion case 
by paralleling Schur’s proof while using the result (3, Theorem 10) that for 
every quaternion matrix P there exist unitary quaternion matrices U and V 
such that UP V is a real diagonal matrix with non-negative diagonal elements. 
It can also be shown that the following is true: If two semigroups &% and B 
of quaternion matrices are intertwined by a matrix P and if % is irreducible, 
then either P = 0 or & contains % as an irreducible component. 


2. The form of a matrix commutative with an irreducible repre- 
sentation. 


THEOREM 1. Jf & is an irreducible semigroup of quaternion matrices, then any 
matrix M which commutes with every element of U is of the form M = P-'(kI)P 
where k is a complex number and P is a non-singular quaternion matrix. 
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Let M be a quaternion matrix with the given property. It is known (3, 
Theorem 1) that there exists a non-singular matrix P such that PMP-'! = J 
is in Jordan normal form with complex elements along the diagonal. 

If M is non-derogatory (3), then each A in & is such that PAP-' = B, 
4+ B,+...+B,, where each B, is triangular (3, pp. 195), but this contra- 
dicts the assumption on Y. 

If M is derogatory, J is of the form kJ, where k is a complex number, or it 
is not. If not, J = J; +J2+...+J, where this form may be assumed to 
be such that J; contains only and all diagonal elements \, which are charac- 
teristic roots of M, where \, # \, for i # j and where \, # X,, for i ¥ j, the 
latter according to the Jordan form designated for M in (3). Now either J 
has one characteristic root or it has more than one; i.e., either ¢ = 1, above, 
or t > 1 in J,. These cases are now considered. 

Lett J=J,+J.+...+J, t> 1. Let A be any element of & and let 
PAP = X = (x;,.) It will be shown that 


__[x, x 
X= fe X;J’ 


where X, has the same order as that of J;. Let 7 be the order of J; and let 
the first block (in the direct sum which J, represents) of the form 


Ao l 0 


sae § 
0 Ae 


be of order k. Then we have a series of relations of the form 


(i) AoX sp + Xs+i.p = LepA1, NoX j4k.p = X 54k ,pA1y 

or 

(ti) AX ep + Xstip = Xs,p-1 + X spAry AoX p+4p - X j+kp—1 + X 54% pty 

where, for a fixed p chosen from p = 1, 2,..., 7, either (i) or (ii) holds (but 


not both); where for p = 1, (i) holds; and where if Rk > 1,7 << s <j+k, 
and where if k = 1, only the second relations in (i) and (ii) hold. Now one of 
two cases occurs: 

(a) At least one X, of M is real and there is no loss in generality in assuming 
\,; is such a real root. It follows from the second relation in (i) that x...) = 0, 
and from the first that x,, = 0 for 7 < s <j +. For any other p for which 
(i) holds, the same is true so that x,, = 0 for 7 <s <j7+# for these p. 
Consider the first p for which (ii) holds; then in (ii), x, 9-1 = 0 = Xj4¢ 9-1 
and so x, = 0 from the second relation, and from the first Asx 4.-1,, +0 
= 0 + xX)42-1,pA1 80 that x,,,-1,, = 0 and, in turn, x, = Oforj <s<qj+k 
for this p. If the next p for which (ii) holds is treated in a similar fashion it 
follows that x,, = 0 for j<s<j+k, andl <p <j. 
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(b) If all A, are non-real complex, it follows from the second relation in (i) 
that x,42,1 = 0 (since A» # A; and dz # A;) and from the first relation that 
Xs = 0 for] <s <j+k. For any p for which (i) is true, the same result 
holds. Considering the first p for which (ii) holds, it follows as in (a) that all 
Xs, = 0 for this p and the same range of s so that x,, = 0 here, also, for 
j<s<j+kand 1 < p < j. Now for any subsequent such blocks in J2 or 
for any such blocks in J;,..., J, a similar procedure applies so that x,, = 0 
for | < p <j and for 7 </1< nm (where X is nm Xn). So X has the above 
form which contradicts the assumption of the theorem. 

Let J = J, so that only \,; appears along the diagonal where there must 
be an element 1 to the right of at least one A;. Let J; = Ji; &» Jat... Je 
where each J;,; is either the single element A, or a matrix with A, along the 
diagonal and 1 above each such \, after the first, and where /J;, is definitely 
of the latter form. Let X;,; have the same order as J,, and let 


Xi X12 Xp 
X= ; 
Xx Maes <4 X xp 
so that, from the assumptions, X,;, X12, Xo, and Xe». at least appear and 
are not vacuous and k < n. 
Now it will be shown that it follows from JX = XJ that each X,,; is a 


J 


triangular matrix with zeros below the main diagonal; it is to be noted here 
that when some X,,, 1 # j, is not square, the latter statement will be taken 
to mean that any element x,; = 0 when i > j. Then it follows that J;,X ,, 


= X,,J,; (i,j = 1,2,...,k). When i = j, since J;; is non-derogatory, X 
is in triangular form (1 = 1, 2,...,). When i # j, consider for example X ;» 
as a typical case: Ji:X12 = Xi2J22, and let these be of order s Xs, s X ft, 


andt X trespectively. Equating the elements in the first column (and dropping 
the subscript on A,): 


(i) AX a + X11 = XA, l a ¢ <& 6, AX «1 = 7? ae 
and from the other columns there result 


(ii) AX, + Viga.y = Xi j-1 + X,A, XX ;= Xs; i+ xa, 
Laeti<es a66 ' 1< 788, 


where the following is to be noted: if X,,; consists of one column, only (i) 
applies, and if X,, consists of only one row, the second relations only in 
(i) and (ii) apply. (In the latter case X ,, is already in triangular form.) If A 
is real, from the first relation in (i), X;41,1 = 0 for 1 < i < s; from the first 
relation in (ii) X41.) = X,,j-1 for 1 <1 < s, 1 <j < t. Together these show 
xy, = 0 for i > j. If A is non-real complex, from the second relation in (i) x,, 


must be complex and from the first x,,; = 0 and also, in turn, 


x 1.1 => Neg See = Xe = 0. 
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Since x,, = 0, from the second relation in (ii) x,2 is complex and from the 
first x,2 = 0; similarly x,).2 = ... = X32 = 0. Continuing with all elements 
x,» in the last row of Xj», it will be seen that x,, = 0 for i > j. 

For each A in A, PAP-' = X is of the above type, sectioned as above, 
and having each X,, in triangular form as described. Form the matrices 


— = — _ - -~ 


Xi Xi2 “Ale 




















|x k a | Xs a | Xe | 
Let X,,; have row order r,, and column order c,,;; then the first columns of 
each of the above matrices have zeros in all the same positions and have, 
possibly, non-zero elements only in the Ist, the (71; + 1)st, the (rir + rar + 1) 
st,..., the (74; + ror +... + re-1,1 + 1)st positions. By column operations 
on the right of X, the following columns of X may be interchanged: 


the 2nd and the (c,; + 1)st, 
the 3rd and the (¢,; + cy + 1)st, 
the 4th and the (¢); + Cio + ¢13 + 1)st, 


the kth and the (cy; + C12 +... + Cr gui + 1)st. 


(Note that c,; > 1.) The resultant matrix is such that the first k columns 
have all-zero rows except for the Ist, the (ri; + 1)st,..., the (ri: + ro + 
~ + t-11 + 1)st. Now 


Tia = City Yor = Cit, Tar = Cis, -- + » Te—aya = C1 e-1 


so that if the same operations as above are now performed on the left on the 
rows, a similarity transformation will have been applied to X with the result 
that a matrix is obtained such that the first k columns have all-zero rows 
beyond the kth row; therefore, X is similar to a matrix 


ki xs} 
0 X;3J’ 
where X, isk Xk, k <n. 
It follows then that M7 = P-'(kI)P where k is complex and P is quaternion 


3. Generalizations of Burnside’s Theorem. If % is a semigroup con- 
sisting of square matrices of degree m with quaternion elements, there may 
exist a non-singular (quaternion) matrix P such that P&P-' = A, contains 
only matrices with complex elements, or there may not exist such a P. An 
example of the former may be obtained by forming P~'%,P where YW, is any 
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complex semigroup and P is a non-singular quaternion matrix. An example 
of the latter (other than the set of all m X m quaternion matrices) is the 
set, &, of all m X m unitary matrices with quaternion elements. This set is 
closed under matrix multiplication. There exists no P such that PUP-' = C€ 
is a complex set; this can be seen as follows: P cannot be complex since then 
% would be complex. Also, in the notation of (3, p. 191) no P = P, + jP2, 
P, and P, complex, P; # 0, can provide this. For if so, let U1 be the set of all 
n Xn complex unitary matrices; this is a semigroup of complex matrices 
which is irreducible under all complex similarity transformations. Since 1 
is a subset of M, P must be such that Pll = €,P where G;, is composed solely 
of complex matrices. From (P; + jP2)Ul = ©€:(P:+ jP:2) it follows that 
Pw = G,P; and jP:U = j€,P2 (where ©, consists of the complex conjugate 
of each matrix in ©,). From the first relation and from results in complex 
theory, either P; = 0 or ©; contains Ul as an irreducible component and 
since both ©, and U are m X n in dimension, §G; is irreducible also, relative 
to the complex field. By Schur’s Lemma in complex theory either P; = 0 or 
P, is non-singular. The latter must hold for if P; = 0, Pll = €,P: and since 
Wand G, are irreducible, either P, = 0 also (not possible) or P: is non-singular 
in which case Y = P-'€P = P.-'j-' CjP, = P=-' EP: is complex. Therefore 
P, is non-singular. From jP2Ul = j €:P2, either P, = 0 (not possible) or P, 
is non-singular. Then P = P, + jP, where both P,; and Pz are non-singular. 
But this is not possible because, for example, since (ij)J and 2-4(i + j)I are 
elements of &%, they must be similar under the P-', P transformation to 
complex matrices C,; and C2, respectively. From the first relation it follows that 


P,P," _ P,P;"', 
and from this and the second, the contradictory fact that C. = 0 would result. 


THEOREM 2. Let & be an irreducible semigroup of quaternion matrices. Then 
M = P(kI)P-', where k is non-real complex, commutes with each element of % 
if and only if PUP = C is a complex set. 

If MA = AM where A is any element of Y, then 

(RI)(P“AP) = (P'AP)(kI) 
and, since k is non-real complex, P-'AP is complex for any A in %. The 
converse is immediate. 

It is now desirable to separate irreducible semigroups of matrices with 
quaternion elements into two classes: these which are similar to a complex 
semigroup under some quaternion similarity transformation, and those which 


are not similar to a complex semigroup under any such transformation. These 
cases are considered in turn. 


THEOREM 3. Let YU be a semigroup of quaternion matrices of degree n which 
is not similar to a complex set. If U is irreducible, then UA has l-rank n*; and, 
conversely, if every semigroup similar to AX has l-rank n*, then % is irreducible. 


to 


en 
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This will be shown in two ways; in the first use is made of a known theorem 
while in the second a direct proof is given. 

Let & be a given irreducible semigroup as described. Using the notation 
and terminology of Brauer (1, pp. 513, 520), let €(%) denote the commuting 
ring of W, i.e., the set of all quaternion matrices P which intertwine a set W 
of square matrices with itself. This means that for each A of A, AP = PA. It 
has been seen above that any matrix which commutes with each element of 
an irreducible semigroup is of the form P-'(cJ)P. Because of the given nature 
of & c is real. Therefore any M = P-'(cI)P = cl is a real scalar matrix so 
that here €(%) is the set of all real scalar matrices. Theorem (9.2A) of Brauer’s 
work states the following: let G be an irreducible semigroup of degree n. If G 
has /-rank k and €(%) has r-rank v, then n*? < kv. In this instance the r-rank 
v of @(%) is obviously 1 so that n? < k. On the other hand k < n?, so that 
k = n?. 


This same result can be obtained directly as in the complex case as follows. 


Let A = (aq) be any quaternion matrix of an irreducible semigroup W of 
order m as given. There may exist m* quaternion numbers k,,, \ = 1,2,...,; 
x =1,2,...,m such that for each A in A 


, Gakr« = 0; 
«d= 
if K = (k,) and if 
x(AK) = po Gakr«, 


«=I 


this can be expressed, as usual, as x(AK) = 0. If there exists more than one 
such K-matrix, any right linear combination of them will also be such a 
K-matrix. 


LEMMA. Jf & has l-rank r where A is of degree n, then the number of right 
linearly independent K-matrices is n*® — r. 


For if 
) ‘ 
A, = (ad ) ’ p= 1,2 pecse f 


is a set of left linearly independent matrices of A, for a given K-matrix, then 


n 


> ay ky. = 0, o> oe 2 
A, mel 
This is a right system of r homogeneous linear equations in nm? unknowns, 
k,,. The r rows of the r X n? coefficient matrix are left linearly independent 
and so (see 2, p. 41, for example) there exist n*? — r right linearly independent 
solutions. 
Now if & is irreducible and not similar to a complex set, it will be shown 
that there can exist no system of non-zero K matrices. Let us assume the 
contrary. As in the complex case the following may be noted first of all: For 
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any A in A, AK is itself a A-matrix; if A,,..., A, is a (right linearly 
independent) basis for all K-matrices, each A in & determines an m XK m 
matrix R = (r,,) from 


AK, =>> Kofep, p=1,2,...,m; 
e=1 
the set ® of all such matrices determined from a given basis is a semigroup 
of degree m which is homomorphic to M%; under a change of a K-basis, the 
set 9 becomes a similar set P~'RP where P = (,,;) is a non-singular matrix 
and 


m 


L=> Ede g= 1,2,...,@, 


o=! 


is the new K-basis; and the K-basis may be chosen so that ® is of the form 


| ® as 
0 Rs 


where §R; is irreducible and of degree m,; where | < m, < m. If a right linearly 


independent set K,,..., K,, existed, then for any A in &, 
=) 
AK, = >) Keres, om 12, ..- 9% 
o=!l 
(where only ®, is utilized). Let 
K, = (ko ) 
so that 
" . = 
) ) ‘é ‘ ‘ 
> aaki, => - x p= 12,...,m;«21,2,..., ec: = 12,...,0. 
A=l a=! 
Let 
(jp) ‘ . ‘ ° ‘ 
P, = (ky), uw = 1,2,..., s:t=12,..., n;j = 1,2,..., m1. 


Then AP, = P,R for all A in & and all corresponding R in Mi, and for 


u = 1,2,...,m. The conditions of Schur’s Lemma are met so that either a 
given P,, = 0 or is non-singular. If all P, = 0 for u = 1,2,..., n, then 
TS ne oe 


are all zero matrices; but this contradicts their linear independence. If not all 
P,, = 0, take any such non-singular P, so that A = P,RP,—'; if the proper 
change of K-basis is made, R can be taken to be the same as A. For each A 
in A, AP, = P,A and since the conditions of Theorem 1 are met, each non- 
singular P, = Q,(c,J)Q,-' where c, is complex. From Theorem 2, since 
is not similar to a complex set under any quaternion similarity transforma- 
tion, P, = c,J (uv = 1,2,...,m) where c, is real. Then it follows that each 
K, (9 = 1,2,...,m, =m), is such that each row except the pth is zero 
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and this row is of the form |[c;, cz, . . . , c,] for each. For any A of & the matrix 
AK, has for its jth diagonal position the element a,, c;(p = 1,2,...,m, =m 
Now x(AK,) = 0 (p = 1,2,...,m), so that if A” denotes the transpose 
of any A in Y, 
A”) a 0 
Ce 0 ’ 
c. 0 
| — 

and since all c; are real, the transpose of the above yields [c;, 2, ....¢,|.A 
=©@.. Mah -«s cles @ OE..., 0]. Now 9% is irreducible so by the corollary 
to Schur’s Lemma, either P = 0 or the representation 0 contains & as an 
irreducible component. Since the latter is not possible, each c, = 0; but this 


means that each Kp = 0 which contradicts the linearly independent character 
of the Kp. 

The converse of the theorem follows directly. 

In connection with the latter proof, it can be verified that the following 
generalization is true: let @ be an abstract semigroup; let %), Ms, Ms, . . . be 
a finite number of irreducible semigroups of quaternion matrices of degrees 
mi, Ms, Ms,..., respectively, which are “omomorphic to @ (relative to 
matrix multiplication) such that no two semigroups are similar to each other, 
and such that none is similar to a semigroup of complex matrices. Then there 
exists no set of non-zero matrices, K, L, M/,... such that x(AK) + x(BL 
+ x(CAI) +... = 0 simultaneously for all sets of matrices A, B, C,. 
which correspond to the same element of @ and belong to %, %., As, . 
respectively. A proof may be used which parallels that of the complex case 
and depends on the direct proof of Theorem 3 above. Also, as in this case, 
one can then state the following: Let 4% and & be irreducible semigroups of 
quaternion matrices which are homomorphic to a semigroup © and are not 
similar to complex semigroups; if the traces of the elements of &% and B which 
correspond to the same element of @ are the same, then % and % are similar. 
Since x(A) — x(B) = 0 for any A and B of &% and &, respectively, which 
correspond to the same element of G, the only alternative is that % and B 
are similar. 

Consider next the case where Y is an irreducible semigroup of quaternion 
matrices of degree n and P&AP-' = K is a complex semigroup; let R denote 
the set obtained from & by taking the ordinary complex conjugate of each 
matrix of &. If Q is a complex matrix such that CQ = QC for each C in &, 
R& and & will be said to be interjoined by Q. There may exist such a Q which is 
non-singular or there may not. It is convenient to consider these cases 
separately. In this connection the following may be noted: 
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THEOREM 4. Let & be an irreducible semigroup and let PUP = KR be a 
complex set. If R and R are interjoined by means of a non-singular complex 
matrix, then every complex semigroup similar to UA has this property. 


Let P"AP = R, andQ"AG = RK, becomplex. Then AY = PR,P-' = QR.Q-'! 
or R:P-'Q = P-'OR:;; i.e., P-'Q = M = M, + jMz (where M, and M; are 
complex matrices) intertwines R; and 2. Since R; (M1, +7M2) = (M,+jM2)R:2, 
RiM, = MiR2 and RM, = MR. Since &;, Re, and &, are irreducible and 
all matrices involved are complex, M, and M; are either 0 or non-singular 
(except that both cannot be 0) and Q = P(M,; + j7M:). Now assume there 
exists a complex matrix S such that SCS-' = C for each C in &;. Then there 
exists a matrix K in &. such that at least one of CM, = M,K and CM, = M.K 
holds where M, and M, are fixed. If the former, then M,KM,-—' = C = SCS! 
= SM,KM,"'S-'; if the latter, M.KM;-' = C = S“CS = S“M.KMz'S. 
Since each K in &, can be accounted for in this way; the desired result is 
obtained. 

A result of Brauer’s, of use in what follows, states the following: If @ is 
an irreducible semigroup of degree mn, let E,; denote the row (0,0,...,0, 
1,0,...,0) with ith component 1; let & be the largest number of indices 
Uy, U2,..., U, With 1 < u; < m such that conditions }>E,C, = 0, C, in €(G), 
“u ranging Over %;,...,%,, imply C,, = 0 for all wu, Then the /-rank of @ 
is equal to mh (1, pp. 531-532). 

If PUP = RK is a complex semigroup, if W is irreducible, and if M is a 
matrix in @(%), then P-'WPP-'MP = P-'MPP-'AP or RN = NK where 
N = PMP = M, + jM2, M,; and M:z complex. Then RM, = M,& and R 
and § are interjoined by M2. 

(a) If no non-singular complex matrix interjoins R and &, then M; = 0 
and M, is any complex scalar matrix. Therefore JJ = P(k,J)P-' and €(%) 
consists of all matrices P(k,J)P-' where P is fixed and k, is any real or com- 
plex number. Let P = P; + jP2 = (p;,) where P; and P: are complex matrices, 
and let the rank of the m K 2m matrix [P;, P.] be r. Let um, uo, ... , u, denote 
a set of natural numbers between | and m such that the correspondingly 
numbered rows of [P;, P2] are linearly independent. Form the expression 
> E,P(k,J)P-'! = 0 where the summation is over the above u, us, ... , u, and 
k, is any complex number; this is equivalent to }-E,P(k,J) = 0. Since E,P 
is the uth row of P, this is equivalent to the system of m linear homogeneous 
equations 7 -a = 0 in r (complex) unknowns, 


a a oe 


where TJ is the m Xr matrix such that the element in the ith row and jth 
column is p,,; and @ is a column vector whose transpose is 


See 


let T = 7, + jT2 where T; and T: are complex. Since the a vector is to be 
complex, 7 -a = 0 is equivalent to 
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Since the coefficient matrix is of rank 7, only the zero solution is possible, 
i.e., P(k,J)P-' = 0. If any number of rows greater than r is taken a like set 
of equations results but not all solutions are necessarily zero so that not 
all P(k,I)P-' are zero. Therefore, h = r. 


THEOREM 5. Jf U ts irreducible of degree n, and if PUP = R is complex 
where no non-singular complex matrix interjoins R and SR, then % has |-rank 
rn where r is the rank of the matrix |P,, P| where P = P, + j7P2, P; and P, 
complex. 


(b) If PAP = R is interjoined with R under a non-singular complex 
matrix, it is convenient to consider separately the cases in which & is real 
and in which & is not real. 

If R is real, then in the above RM, = M,R and RM. = MR so that both 
M, and M, are complex scalar matrices. In this case €(%) consists of all 
matrices of the form P(k,; + jl,)IP-' (where k,; and /; are any complex numbers 
and P is fixed), i.e., of the form P(qg,J)P-' where q; is any quaternion element 
Consider the matrix P? and let r be its rank (i.e., the number of columns in 
every maximal set of right linearly independent columns or the number of 
rows in every maximal set of left linearly independent rows) ; choose a maximal 
set of r right linearly independent columns of P? and let u;, uw, ... , u, denote 
the corresponding column numbers. Form the sum >(E,P(q,J)P-' = 0, as 
before, over this set of u,; this is equivalent to }>E,P(q,J) = 0, or, as before, 
to the set of equations T .a = 0 where T has as its columns the above men- 
tioned set of r right linearly independent columns of P? and a is now a column 
vector of r (quaternion) unknown components. Such a system has only the 
zero solution; and, as before, if any set of u-indices larger in number than r 
were taken, non-zero solutions could be obtained. 


THEOREM 6. If U is irreducible of degree n and if PAP = R is real, then 
A has l-rank rn where r is the rank of P’. 


If R is not real but is interjoined with R by means of a non-zero complex 
matrix, then (with reference to the paragraph above (a)) M,; = kJ is complex 
scalar and an M, which is non-singular exists so that P-'MP = kI + jM2, 
V7. non-singular. Let S be any other non-singular complex matrix interjoining 
R and R. Then C = SCS-' = M.CM-;"' for any C in & so that M.-'SC 
= CM,-'S for any C in &; since & is irreducible, M,-'S = LI, 1 complex, so 
that S =/M>. In this case €(M) consists of all matrices of the form 
P(k,I + jl;M2)P-' where P and Mz are fixed and k; and /; are complex 
scalars. (It may be noted that M, is itself a non-zero complex scalar if and 
only if & is real). Let M, = Z = (2,,) for simplicity. Let P = P, + jP2, as 
before, and form S = [P;,P2]; if t rows of S are chosen to form a matrix S;, S; 
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may be considered to be of the form S, = [Q,R] where Q and R are composed 


of corresponding rows of P,; and P», respectively. Let s be the maximum 
number of rows of S which are linearly independent and form [Q,R] such that 


[ Q “4 
—RZ OZ 
is of rank 2s. Then consider 


> E,P(k, I + jl,Z)P-' = 0 


where the summation is to be taken over the numbers of the s rows of S chosen 
as above, u, ts, ... u,. After discarding the P-! on the right and noting that 
Z, k, and /, are in the complex field, it can be seen that this relationship is 
equivalent to the set of 2” equations in 2s (complex) unknowns 


Q" — 7° pt 
RT z70" -aed 


ke a? 


where 

us} 

Since the coefficient matrix is of rank 2s, only the 0 solution is possible; i.e 
if the above relation is to hold, all the matrices from €(%) must be 0 matrices. 
It is evident that s is the largest number of u; such that this is true. 


THEOREM 7. Jf % is irreducible of degree n, if PUP = R is non-real complex, 
and if R and § are interjoined by means of a non-singular complex Z, then % 
has l-rank sn where, when P = P, + jP2, s is the maximum number of linearly 
independent rows of |P,,P2| which form |Q,R] such that 


| Q | 
—RZ OZ 


is of rank 2s. 
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PRIME POWER REPRESENTATIONS OF FINITE 
LINEAR GROUPS II 


ROBERT STEINBERG 


1. Introduction. The aim of this paper is two-fold: first, to extend the 
results of (4) to the exceptional finite Lie groups recently discovered by 
Chevalley (1), and, secondly, to give a construction which works simultane- 
ously for the groups A,, B,, C,, D,, En, Fy and Gs (in the usual Lie group 
notation), and which depends only on intrinsic structural properties of these 
groups. It seems likely that the statements of this paper, especially (1) to (14 
upon which the later work is based, also hold for the other known simple 
linear groups, namely the unitary and second orthogonal groups (4). 

Throughout this paper, the phrase ‘‘finite Lie group’’ and the symbol L 
refer to any of the groups in the first list above. We lean heavily on the pro 
perties of these groups developed by Chevalley (1), and use his notations, 
slightly modified. The symbols u, h, etc., always denote elements of the groups 
U, H, etc., respectively, these groups being defined in §2. 


2. Basic properties of finite Lie groups. In this section we set forth the 
properties of the groups G = L to be used in the sequel. Statements (1) to 
(10) are extracted from (1), and the others are proved in §4. 

(1) There exist two subgroups U and H of G such that U(\H = 1, UH isa 
group, and U is normal in U H (1, p. 40, Lemma 9). 

(2) There exists a group W (the Weyl group) and for each w © W an element 
of G which is also denoted by w such that the union of the sets H w is a group, Il 
is a normal subgroup, and the quotient group is the isomorphic image of W under 
the map w — H w (1, p. 37 Lemma 3). 

(3) Corresponding to each w © W, U has two subgroups U,' and UL, (this 
is Uy" in (1)) such that 

(4) U = U,’ Uy, 

(5) w U,’ w! C U and 

(6) Uy, = Ufor somewo < W (1, pp. 41-43). 

(7) Gis the union of the sets U Hw U,, and 


UhW, Uy, = Uhweu 
implies that u = a, h = h, w, = We, and 
Ue, = ty 
(1, p. 42, Theorem 2). 
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(8) W contains a set of elements {w.| (the fundamental reflections) such that 

(9) wa? = 1 for each a and 

(10) {wa} generates W (3, p. 16-05, Theorem 1). 

(11) For each a, if w = we, we set U, = U, and U,' = U,'; then the union 
of U. Hand U, H we Uais a group. 


(12) For each w and a, at least one of 
U. = Ces U. .. Ven, 


holds. 
(13) There is a homomorphism ¢« of W onto the group {1, — 1} of two 
elements such that «(wa) = — 1 for each a. 


(14) There is an element u such that u ¢ U,’ for all w ¥ 1. 

These properties are not independent. For example, the condition U (\ H 
= 1 of (1) follows from (7), and (9) follows from (4), (5), (7) and (11). The 
complete list is given here for ready reference in what follows. 


3. The ideal J and the representation R. In this section, we assume 
that G is a group for which (1) to (14) hold. Let F be any field and A the group 
algebra of G over F. For any subset S of G, let the symbol S also denote the 
sum of the members of S considered as elements of A, and |S| the cardinality 
of S. Let e be the element of A defined by 
(15) e= UH Xe(w) w, 


the summation being over the elements of W. Then we can state the following 
fundamental result. 


LemMa I. Let e be defined by (15). Then (i) e w. = — e; (ii) if ua # 1, then 
(16) We Ua Wa! = tia h Wa tha 
for some iia, tig and h, and 
(17) € (Ua Wa! — ta + 1) = O. 

Proof. Equation (i) follows from (2) and (13). By (7), Wa tue ¢ U. Hw,. 
Thus Wg Ua Wa’ ¢ U, H, and (11) implies (16). By (9) and (12), each right 


coset of W relative to the group {1, w,.} consists of two elements v and vw, 
such that U, C U,’. Hence, by (1), (2), (5), (9), (13) and (16), we get 


(18) UHvu,gwe' = UHvm,, 
(19) U Hv = UHviaG, and 
(20) U Hv We Ua Wa! = UH 0 We tig. 


Now to get (17), multiply (18), (19), and (20) by e(v), e(v) and e(vw,), add, 
and then sum on the right cosets of W relative to the group {1, w.}. 


THEOREM |. Let e be given by (15), and let I be the right ideal of A generated 


by e. Then the set B = |e u,u © U} ts a vector space basis for I. The dimension 
of I is |U}. 
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Proof. For a fixed u, by (4), (5), (6), and (7), the coset U H wy u is present in 
eu with a coefficient ¢(wo) and is not present in eu, if u, * u. Thus B is linearly 
independent. Let J» be the linear span of B. Then e € Jo Ce A = J. Thus 
I, = I if it can be shown that J» is an ideal. For any u and h, Ip u C Io and 
Iygh € Io, by (1) and (2). Also for any u and a, by (4) we can write u = u, u,’ 
and then eu wa! = (€ ta Wa!) (Wa Ua’ Wa ') © Io, using Lemma 1 and (5); 
hence Jy wa~' € I. By (2), (7), and (10), A is generated by elements of the 
form u, h and w,~'. Thus Jp A € Jo and Theorem 1 is proved. 


Corouuary. If s € land s = 2 yy, e u, yy © F, then y, is €(wo) times the 
coefficient of U H wo u in the right coset decomposition of s relative to U H, and 
> vy, 1s the coefficient of UH. If x € G and ex = Ly, eu, then y, = 1, — 1 
or 0, and at most |W| of the >, are non-zero. 


Proof. The first statement follows from (6), (7) and Theorem 1. Since e 
is the signed sum of |W| right cosets relative to U H, the same is true of e¢ x, 
and the last statement now follows from the first. 





LEMMA 2. Let m be the index of U Hin G:m = 2|U,|. Then 
(21) eU Xe (w)w= me. 

Proof. For each x € G, writeex = 2 y(x; u) e uso that 
(22) em Ly(x; u) eux. 


Here y(x; “) is e(w wo) if 


(23) UHwu= UHwx 

for some w and is 0 otherwise, by the corollary to Theorem 1. Now (23) is 
equivalent to u x~' € wo-' U Hw. Thus summation of (22) on x € G gives 
IGle = 2, Zye(wwo) ew! VHw = LeU H Zye(w) w = |U Hle U Le(w)w 


by (1), (2) and (13). If the base field F has characteristic 0, division by | U H 
yields (21). Since only integral coefficients occur in (21), it remains valid for 
any field. 

We now state the principal result of this section. 


THEOREM 2. Let G be a group for which (1) to (13) hold. Let I and B be as in 
Theorem 1, let m be the index of U H in G, and let R be the representation of G 
on I by right multiplication. Then 

(i) R restricted to U is equivalent to the right regular representation of U; the 
degree of Ris | U|; 

(ii) relative to B, R is represented by a set of matrices each of which has only 
entries of 1, — 1 or 0 with at most | W | non-zero entries in each row; 

(iii) if the base field F has characteristic 0 or prime to m, then R is irreducible. 


Proof. Theorem 1 and its corollary imply (i) and (ii). We prove (iii) by 
showing that any element s # 0 of J generates all of J under right multiplica- 
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tion by the elements of A, the linear span of G. If s # 0, there is a coset 
U H x represented in s with a coefficient y ~ 0. Then U H has the coefficient 
y in s x~'. By the corollary to Theorem 1, s x~' = Ly, e u with = y, = y¥. 
Hence, by (1) and Lemma 2, 


sx-' (ym) U = e(w) w = (ym) Sy,cu U Sy e(w) w = e. 


Thus J = eA CsA CI, and (iii) is proved. 


We use the condition (14) for the first time in the proof of the following 
converse to Theorem 2. 


THEOREM 3. Jn the notation of Theorem 2, if (1) to (14) hold for G and if the 
characteristic of F divides m, then R is reducible. 


Proof. By (6) and (7), e U # 0 so that e U generates a non-zero invariant 
subspace J, of J. We complete the proof by showing that J, # J or, equiva- 
lently, that e ¢ /,;. Lemma 2, with the elements of G replaced by their in- 
verses, implies, because of (1), (2), and (13), that 2 e(w) w is a left annihilator 
of e U and hence of J;. But it is not a left annihilator of ¢. Indeed we show that 
an element u for which (14) holds appears in = e(w) w e with a coefficient 1. 
Now u € w,; U H we implies that w-'u € UH we. By (2) (7), and (14), 

= 1 and then w, = 1. Again by (2) and (7), u can be written uniquely as 
1 ah 1, so that all assertions are proved. 


Wi 


4. Representations of finite Lie groups. In order to apply the results of 
§3 to the groups L, we first prove: 


LEMMA 3. Each group L has properties (1) to (14). 


Proof. As has already been stated in §2, (1) to (10) are extracted from 
(1). In the proof of (11) to (14), we use the standard Lie algebra terminology 
(2), and note that the index set {a} of (8) refers to a simple system of positive 
roots and the w, are the reflections in these roots. It is proved in (3, p. 19-01, 
Lemma 1) that w, maps a upon — a@ and permutes the remaining positive 
roots. Then (11) follows by (1, pp. 36, 41). Also 


(ww.)(a) = w(— a) = — wa). 


Thus either (ww) (a) or w(a) is positive, and (12) is true. For each w, let 
n(w) be the number of roots r such that r > 0 and w(r) < 0. Then e(w) 
= (— 1)" fulfils the requirements of (13). Finally, if w # 1, then w(a) < 0 
for at least one a (3, p. 16-08, Theorem 2), and so, by the same reasoning as 
above, U,’ € U,' for some a, and similarly, Us C U,’ if 8 # y. Thus, if we 
choose u. ~ 1 for each a and set u = IIu,, then u ¢ U,’ for each a, hence 
u ¢ U,,’ for each w # 1, and (14) is proved. 


If the group L is defined over a field of g elements and of characteristic p, 
it is further proved in (1) that U can be chosen as a p-Sylow subgroup of L, 


: 
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t & U H as the normalizer of U, and then | U,| = qg"“, with n(w) as above. Thus 
we have: 

THEOREM 4. Let L be a finite Lie group over a field of q elements and of charac- 

teristic p. Let U be a p-Sylow subgroup of L, and let m be the index of the normalizer 

of U in L, this number being given by m = Yq". Let I be any vector space of 


, ° . | , ° ° ° 
| dimension | U | over a field of characteristic 0 or prime to m. Then L has an 
irreducible representation R of degree | U | which has I as the representation spacé 
and for which the results of Theorem 2 are valid. 
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CERTAIN CLASSES OF IDEALS IN POLYNOMIAL 
RINGS 


N. H. McCOY 


1. Introduction. The purpose of this paper is to establish some results, 
of a somewhat miscellaneous nature, concerning certain classes of ideals in 
polynomial rings. Although the results will be formulated for a ring R[x] 
of polynomials in one indeterminate over a given ring R, they can be easily 
extended to polynomial rings in any finite number of indeterminates. We 
shall be concerned both with right ideals and two-sided ideals, but the word 
ideal used alone will henceforth mean two-sided ideal. 

A right ideal q in the ring R is said to be a semi-prime right ideal if a? C q 
implies that a C q, where a is any right ideal of R. Of course, a semi-prime 
right ideal which is an ideal will be called a semi-prime ideal. 

Each class of ideals which we shall consider is a sub-class of the class of semi- 
prime right ideals. Clearly the class of semi-prime ideals (right ideals) of R 
is closed under arbitrary intersection. The unique minimal semi-prime ideal 
of R is the lower radical of R as defined by Baer (2). If the lower radical of R 
is zero, we call R a semi-prime ring. Thus a ring R is semi-prime if and only 
if the zero ideal is a semi-prime ideal of R. It is known (1, 10) that if N is the 
lower radical of R, then the lower radical of R[x] is N[x]. New proofs of this 
fact will appear in §3 and §4. In particular, the polynomial ring R[x] is semi- 
prime if and only if R is semi-prime. 

Johnson (7) has introduced the concept of prime right ideal in a semi-prime 
ring, and has shown that these ideals play an important role in the structure 
theory of such rings. The definition will be found in §5. However, we may 
now state the various classes of ideals which will be considered in this paper. 
If R is an arbitrary ring, we shall study in R and in R[x]: 

(1) semi-prime right ideals, 

(2) semi-prime ideals, and 

(3) prime ideals. 

Also, for the case in which R (and therefore also R{x]) is semi-prime, we 
shall consider 

(4) prime right ideals, and 

(5) annihilating ideals. 

All of these are special instances of semi-prime right ideals. 

The following terminology will be convenient. Let o be a property of ideals 
(right ideals) defined for ideals in R and in R[x]. For example, « may be the 
property defining any one of the above five classes of ideals. An ideal (right 
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ideal) with property o may be called a a-ideal. If ¢ is such that a a @-ideal in 
R implies that a[x] is a c-ideal in R[x], we shall find it convenient to say that the 
“going up” theorem holds for c-ideals. If A a o-ideal in R[x] implies that 
A\ R is a a-ideal in R, we shall say that the ‘“‘going down” theorem holds 
for o-ideals. It will be shown that both of these theorems hold for c-ideals, 
where c-ideals are any one of the five classes of ideals mentioned above. This 
implies a certain closure property which will be obtained in §2. 

Let A be a right ideal in R[x] and a the right ideal in R generated by all 
coefficients of elements of A. If q is a semi-prime right ideal of R, we shall 
show in Theorem 4 that (q[x]:A) = (q:a)[x]. As a special case of this result 
it follows that if R is a semi-prime ring, the only annihilating ideals in R[x] 
are those ideals of the form a[x], where a is an annihilating ideal in R. As a 
consequence of this fact, we can say something about the structure of R[x] 
as it is induced by the structure of R. This is based on results of Johnson 
(7) and will be discussed in §6. In the final section we make a few remarks 
about prime right ideals in R[x], where R is a division ring, and give an example 
that may be of some interest. 


2. A general closure property. Before considering any particular class 
of ideals, we prove a result in a fairly general setting. 

Let o be a property of ideals (right ideals) defined in the ring R and also 
in the polynomial ring R[x]. An ideal (right ideal) with property « may be 
called a o-ideal. As an example, c-ideals may be the semi-prime right ideals. 
If R is itself a a-ideal, the property 7 may be used to define a closure operation 
on the set of all ideals (right ideals) of R. If a is an ideal (right ideal) in R, 
the closure of a relative to ¢, which we may denote by a,, is the intersection 
of all c-ideals which contain a. Of course, the closed ideals (relative to o) are 
those ideals that are intersections of a-ideals. 

We shall prove the following result: 


THEOREM 1. Let o be a property of ideals (right ideals) defined in R and in 
R{x] such that the following are true: 

(a) R is a o-ideal, 

(b) If A is an ideal (right ideal) and B a a-ideal in R|x| such that AR|x) C B, 
then A C B, 

(c) The “going up’ and ‘‘going down’’ theorems hold for a-ideals 
Then for each ideal (right ideal) a in R, (a{x]), = a,|x]. 


Clearly (a) and (c) imply that R[x] is a o-ideal in R[x]. Moreover, it follows 
easily from (c) that the “going up’ and “‘going down” theorems hold also 
for closed ideals. ‘ 

Since a C a,, we have a[x] C a,[x]. But by the “going up’’ theorem for 
closed ideals, a,|x] is a closed ideal in R[x] and hence (alx]), C a,[{x]. To 
obtain inclusion in the other direction, suppose that alx] C C, where C is 
any closed ideal in R[x]. Then C()\ R is a closed ideal in R by the “going 
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down”’ theorem, and since a C C/\ R we have a, C CCO\R. It follows that 
a,(x|R([x] © C and (b) implies that a,|x] C C. Applying this result to the 
case in which C = (a[x]),, we have a, |x] C (a[x]), and the proof is completed. 

If e-ideals are any one of the various classes of ideals to be studied in this 
paper, it will be obvious that (a) and (b) hold. Accordingly, in order to apply 
this theorem it will only be necessary to establish the “‘going up"’ and “going 
down”’ theorems. 


3. The prime radical of a polynominal ring. [1 this section we give a 
simple application of the preceding theorem to the case in which o-ideal means 
prime ideal. We need therefore to establish the following result : 


LEMMA |. The ‘‘going up’ and ‘‘going down"’ theorems hold for prime ideals. 


The “going up” theorem follows easily from the fact that if p is an ideal in 
R, then R{x]/p[x] = (R/p)[x], and (R/p)[x] is a prime ring (that is, the 
zero ideal is prime) if and only if R/p is a prime ring. 

The “‘going down” theorem has been established in (10) but for complete- 
ness we reproduce the proof here. If P is a prime ideal in R[x], we wish to 
prove that P ()\ R is a prime ideal in R. By Theorem 1 of (9) we only need 
to show that if a and } are elements of R such that aRb C P(\R, then 
aé€Pf\Rorb € PO\R. IfaRbC PC\R, then each element of aR{x]bR{x] 
is a sum of terms belonging to P and thus aR|x]bR[x] C P. Since P is a prime 
ideal in R[x] it follows that a € P or b P, and hence a € P(\R 
b € P(\R, as required. 

By the prime radical of the ring RX we shall mean the radical as defined in 
(9), that is, the intersection of all prime ideals in R. It is known (8; 12) that 
the prime radical coincides with the /ower radical of Baer (2). If o-ideal means 
prime ideal, then the prime radical of R is the closure of the zero ideal in the 
terminology of the preceding section. A simple application of Theorem | 
then yields the following result: 


or 


THEOREM 2. Jf K is the prime radical of the ring R, the prime radical of the 
polynomial ring R\|x| is K|x}. 


Different proofs of this result are to be found in (1) and (10). 


4. Semi-prime right ideals. Before passing to a consideration of poly- 
nomial rings we make a few preliminary remarks about semi-prime right 
ideals in general. 

A right ideal q in the ring 2 is said to be semi-prime if a? C q implies that 
a C q, where a is any right ideal in R. Henceforth we shall find it convenient 
to denote the sets of right ideals, ideals, semi-prime right ideals, and semi- 
prime ideals of any ring R by 3,(R), 3(X), S,(R), and S(R), respectively. 

(A) If qa € &,(R), then q € S,(R) if and only if a € R such that aRa C q 
implies that a € q. 


—_— 
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To show this, suppose that q € S,(X) and that aRa C q. Then (aR)? C q 
and this implies that aR C q. If (a), denotes the right ideal of R generated 
by a, we now have [(a),]* C q and hence a € q. Conversely, let a € %,(R) 
such that aRa C q implies that a € q, and let a be a right ideal with a? C q 
Ifa € a, then aRa C a? C q anda € q. Hence aC q and aq € S,(R 

(B) Ifq € S,(R) and a,b € R such that aRb C q, then ab € q 

Clearly aRb C q implies that (abR)? C q. It follows that abR C aq, and the 
desired result follows from (A). 

We may remark in passing that Herz (3) has shown that if 2 is commutative, 
the lattice S(R) is distributive. More recently, Tominaga (13) has established 
the same result for an arbitrary ring R. 

We shall next prove the following useful lemma 


LEMMA 2. Let q be a semi-prime right ideal in the arbitrary ring R, and let 
f and g be elements of the polynomial ring R(x] such that fRg € aq{x]. Then 


aRb € q, where a is any coefficient of f and b is any coefficient of g 


This is obvious if g is of degree zero, and we proceed to use induction on the 
degree of g. Let us set 


f = age" +... + ay, (ao ¥ 0), 
and 

g = box” ++... + dn, (bo ¥ 0) 
Hence we have 
(1) (aox" +... + a,)R(box”" + ... + bn) S alex]. 


a+m m 


By considering the coefficients of x , x", we obtain the following in 


which r is an arbitrary element of R 
aorby © a, 
(aorb, + ayrby) q, 
(2 (aorbe + ayrb; + aorbo) © a, 


( ... ta,rbo) EQ 


If we multiply the second of these relations by shy on the right, where s is an 
arbitrary element of R, we get 


(3) (aorbysby + ayrboshy) © a, 


and the first term on the left side of (3) is in q by the first of relations (2). 
Hence a,Rb)Rby € q, and it follows that (a,Rb)R)? C q. Since q is semi-prime, 
this implies that a,RboR C q and then property (A) shows that a,Rby C aq. 

Now if we multiply the third of relations (2) by sbp on the right, the first 
two terms are in q and it follows that aerboshy € gq. As above, this implies that 
aoRby C q. Obviously, this can be continued to yield 


a,Rb, GC a(i=0,1,...,% 
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Thus fRb_ € qx] and hence from (2) we have 


fFR(bix"" +... + bn) C ax], 


and the induction hypothesis shows that aRb C q, where a and 3b are any co- 
efficients of f and g, respectively. 
We shall now prove the following theorem. 


THEOREM 3. The “‘going up’ and ‘‘going down" theorems hold for semi-prime 
right ideals. 


Suppose, first, that q € S,(R) and let us show that qix] € S,(R{[x}). 
By (A), we only need to show that if f € R[x] such that fR[x]f C q[x], then 
f € q{x]. In particular, fRf C q[x] and Lemma 2 shows that aRb C q, where 
a and 6 are any coefficients of f. Since also ab € q by property (B) it follows 
that a? C q, where a is the right ideal in R generated by the coefficients of /. 
Hence a C qandf € a|x]}. 

To prove the “going down” theorem, suppose that Q € S,(R{[x]) and let 
us show that q=Q/\R € G,(R). Clearly (q[x])?C OQ, and therefore 
alx] © Q. If a € R such that aRa C 4, it follows that 


(aR{x})* C a[x] C Q 


and hence aR|[x] C Q. However, by (A), we then have a € Q so that a © q, 
completing the proof. 


Remark. Although we have stated and proved this result for semi-prime 
right ideals, it is clear that it holds also for semi-prime ideals. In this case, 
the proof of the ‘‘going up’’ theorem need not depend on Lemma 2 but can 
be easily established as follows. Let fR{x]f C q|x], where f is of degree n, 
and let a be the leading coefficient of f. It follows that aRa C q and hence 
a € q. Therefore ax" € q[x] and we have 


(f — ax") R[x] (f — ax") € a[x]. 
Since f — ax” is zero or has degree less than n, it is clear how to complete the 
proof by induction on n. 
From Theorems 1 and 3 we now obtain at once the following result. 


COROLLARY. If o-ideals are taken to be the semi-prime right ideals and a is 
any right ideal in R, then (a|x]), = a,[x}. 


We may also point out that if c-ideals are taken to be the semi-prime ideals, 
the lower radical of R is just (0), and it follows that if N is the lower radical 
of R, then the lower radical of R[x] is N[x]. Since the lower radical coincides 
with the prime radical, this is still another proof of Theorem 2. 

If a, 6 € &,(R), we shall use the familiar notation 


(b:a) = {r;r € R,ar Cb}. 
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In case 6 = 0, we shall write a’ in place of ((0):a). Hence a’ is the ideal of 
right annihilators of the right ideal a. We next prove the following theorem. 


THEOREM 4. Let A € 3,(Rix]) and q € S,(R). Then if a is the right ideal 
in R generated by all coefficients of elements of A, we have (q{x]:A) = (q:a)[x]. 


Let f be any element of (q:a)[x], and c any coefficient of f. Then ac C q, 
which implies that Ac C qlx] and hence that Af C q[x]. It follows that 
(q:a)[x] C (q[x]:A). This part is trivial and makes no use of the hypothesis 
that g is semi-prime. 

Now assume that f € (q[x]:A). If @ is any coefficient of an element of A 
and ¢ is any coefficient of f, Lemma 2 assures us that aRc C q. Since this 
implies that ac € q, we have acC q or c € (q:a). Thus f € (q:a)[x], and 
hence (q[x]:A) € (q:a){x]. The proof is therefore completed. 

We recall that a semi-prime ring is a ring in which the zero ideal is semi- 
prime. The following result is then obtained from the theorem just proved 
by specifying g to be the zero ideal. 


CorROLLARY. Jf A is a right ideal in the semi-prime ring R\|x| and a is the 
right ideal in R generated by all coefficients of elements of A, then A’ = a'[x]. 


Thus, if X is a semi-prime ring, Ag = 0 if and only if each coefficient of g 
is a right annihilator of all coefficients of elements of A. This is not true if 
R is an arbitrary ring, as will be apparent from an example to be given below, 
but it is known (11) that A’ # 0 if and only if a’ # 0. 


THEOREM 5. Suppose that q\x| C A, where q € S,(R) and A € &,(Rix}), 
R being an arbitrary ring. If a is the right ideal in R generated by all coefficients 
of elements of A and 6 is the right ideal in R generated by the leading coefficients 
of elements of A, then (q:a) = (q:b). 


Since 6 C a, it is clear that (q:a) C (q:b). Let c € (q:b), and let us show 
that c € (q:a). That is, if f © A, we wish to show that 
(4) fe q|x]. 
This is true if f is of degree zero, for then f © 6. Let us therefore set 
(5) f=an"'+...+4a4, (ao ¥ 0) 


and assume (4) for all elements of A of degree less than mn. Clearly ap € b 
and aoR C 6, so that apRc C qand therefore aoc € g. Hence aocx” € a[x] C A, 
and it follows that 


(ayx"'+...+4,)¢CA. 


By use of the induction hypothesis we can conclude that awRag C q, and 
hence finally that ajc € q (¢ = 0,1,...,m). It follows that fe € q[x], and 
the proof is completed. 
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In case R is a semi-prime ring, we can choose q to be the zero ideal and 
obtain the following corollary. 


CoROLLARY. Let A € 3,(R), where R is a semi-prime ring, and let a and b 
be as defined in the preceding theorem. Then a’ = 6’. 


As an example to show that the conclusions of the preceding corollary, and 
also of this one, are not true for arbitrary rings, let R be the ring /{t]/(4, @), 
where J is the ring of integers and ¢ an indeterminate. In R[x], let A = (tx + 2). 
Then it is obvious that (tx + 2) C A’, whereas ¢ ¢a’ since 2¢ # 0. More- 
over, it can be verified by a detailed but straight-forward calculation that 
t annihilates the leading coefficient of each element of A, and hence that 
t € b’. In particular, then, we have a’ + 6’. 


5. Prime right ideals in semi-prime rings. Throughout this section 
and the next we shall consider semi-prime rings only. 

A right ideal p in a semi-prime ring R is said to be a prime right ideal if 
ab C p, where a, 6 € &3,(R) with 6’ = 0, implies that a C p. 

Johnson (7) has introduced this definition and has shown that the prime 
right ideals play an important role in the structure theory of semi-prime 
rings. We may emphasize that the concept of prime right ideal has meaning 
only for semi-prime rings. 

By Theorem 2 we know that R[x] is a semi-prime ring if and only if R is 
semi-prime. It is known (7, p. 378) that a prime right ideal is semi-prime, 
and therefore some of our previous results are applicable to prime right 
ideals. We may denote the set of prime right ideals of R by $,(R), and hence 
$,(R) € S,(R) for any semi-prime ring R. 

We now prove the following theorem. 


THEOREM 6. The ‘going up’’ and ‘‘going down" theorems hold for prime 
right ideals. 


Suppose that p € $,(R) and that AB C p|[x], where A, B € &,(Rix]) with 
B’ = 0. If a and 6 are the respective right ideals in R generated by the co- 
efficients of elements of A and of B, it follows from Lemma 2 that ab C p. 
Moreover, 6’ = 0 and it follows that a Cp and therefore that A C pf[x]. 
This proves the ‘‘going up’’ theorem. 

Now let P € $,(R[x]), and set p = P(\ R. Suppose that ab C p, where 
a,6 € &,(R) with 6b’ = 0. Then a[x]6{x] C p[x] and the Corollary to Theorem 
t implies that (6{x])’ = 0. But p[x]R[x] C P, and this implies that p[x] C P. 
Hence we have a[x]b[x] C P with (6[x])” = 0, and hence a[x] C P. It follows 
that a C py, and this establishes the ‘‘going down"’ theorem. 

Now let a-ideal mean prime right ideal. Evidently the set of prime right 
ideals is closed under arbitrary intersection and ifa © 3,(R), a, is the unique 
least prime right ideal which contains a. In the terminology of (7), a, is the 
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prime cover of a. In view of Theorem 6, we may apply Theorem 1 to show that 
if p is the prime cover of a in R, then p[x] is the prime cover of a[x] in R[x]. 

If a € &,(R), Theorem 6 shows that alx] E,(R[x]) if and only if 
a © $,(R). Of course, this says nothing about the prime right ideals of R[x] 
which are not of the form a{x]. An example to be given in §7 will show that 
there may exist many prime right ideals not of this form 


6. Annihilating ideals in semi-prime rings. |{ 7 is a set of elements of 


the semi-prime ring R, we may set 7” = {a; a R, Ta = 0} and T' = 
la; a R, aT = 0}. The right ideal a in R is an annihilating right ideal 
ifa = 7’ for some set 7. Annihilating left ideals are defined in an analogous 


way, and an ideal which is both an annihilating right ideal and an annihilating 
left ideal will be called an annthilating ideal. We may denote the set of all 
annihilating ideals in R by A(R). It is known (7, p. 376) that ifa € Y(R), 
then a © & (R) if and only if a = a’', where a’' means (a’)'. Moreover, it 
can be shown (7, p. 379) that A(R) = X(R) OC) B,(R), and clearly A(R) is 
closed under arbitary intersection. 

We now prove the following theorem. 


THEOREM 7. Jf R is a semi-prime ring, the annihilating ideals of R\|x| are 
precisely those ideals of the form a\x|, where a is an annthilating ideal of R. 


This follows readily from the Corollary to Theorem 4 and the corresponding 
result for left ideals. If A is any ideal in R[x] and a is the ideal in R generated 
by all coefficients of elements of A, then A’' = a”'[x]. If, then, A € A(R[x]) 


so that A = A”', it follows that A = a’‘[x] and therefore a’' = a. Hence 
a © A(R) and A = a{[x]. 
Conversely, ifa © %(R) and we set A = alx], it follows that 
At! = q""{x] = alx] = A, 


and A W(R[x]). 

We may call %() an algebra under the operations | C,/\}. A minimal 
nonzero element of %{(2) will be called an atom. Since, by the preceding theorem, 
the algebras %(R) and A(Ri[x]) are isomorphic, it follows that U(R[x]) has 
atoms if and only if %(R) has atoms. We shall now make a few remarks about 
some relations between the structures of R and of R[x] as determined by the 
isomorphism of A(R) and A(R[x]). Throughout the rest of this section we 
assume that the algebra A(R) has atoms. Our remarks are based on work of 
Johnson (7) whose structure theory for semi-prime rings involves a study 
of the prime right ideals and is more penetrating than any analysis depending 
only on the annihilating ideals. 

If the atoms of A(R) are 6, where a ranges over some index set, we shall 
call the ring sum of all these atoms the support of R and denote it by S. This 
is related to what Johnson calls the base of R, but we use a different term in 
order to avoid any confusion. It follows by the method of proof of Theorem 
1.1 of (7) that S = U, b., where Ua indicates the finite direct sum of the 
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ba. Since the atoms of R[x] are b.[x], we know that S|x] is then the support 
of the ring R[x]. Of course, this is the reason that the concept is of significance 
for our purposes. : 

It is known (6) that with a semi-prime ring R there is associated a unique 
semi-prime ring N(R) such that (i) R is an ideal in N(R), (ii) R’ = 0 in 
N(R), and (iii) any ring T which contains FR as an ideal and in which R’ = 0 
is a subring of N(R). Since S = U, ba, it follows (7, p. 387) that 


N(S) = CaN (be), 


where >_.. refers to the full direct sum. 

Now S()\ S’ = 0 and therefore the sum of S and S’ is a direct sum S @ S’. 
Moreover, (S ® S’)’ = 0 and since N(S @ S’) = N(S) ® N(S"), it follows 
that 
(6) S@S’'’CRCWMN(S) @ N(S’). 


We now investigate the question as to whether the relations (6) imply 
anything of the same sort about R[x]. From (6) it follows at once that 


(7) S[x] ® S’[x] © R[x] C (N(S))[x] ® (N(S’)) [x]. 


Moreover, we know that S|x] is the support of R[x], and the Corollary to 
Theorem 4 implies that S’[x] = (S[x])’. That is, the left side of (7) has the 
same relation to R[x] that the left side of (6) has to R. Since S has no right 
annihilator in N(S), S[x] has no right annihilator in (N(S))[x], and hence 
(N(S))[x] © N(S[x]). Similarly, (NV(S’))[x] C N(S’[x]), and thus 


(8) (N(S))[x] ® (N(S’))[x] © N(S[x]) ® (N(S’))[x]. 


Moreover, R[x] has no right annihilator in the left side of (8), so the second 
inclusion in (7) is apparently a little better than that obtained by simply 
applying relations (6) to the ring R[x]. 


7. An example. We have established as Theorem 6 the “going up’’ and 
“going down”’ theorems for prime right ideals in semi-prime rings. The principal 
purpose of this section is to show by means of an example that there may be 
many prime right ideals in R[x] not obtained from prime right ideals in R 
by the “‘going up”’ process. 

The right ideal p in a prime ring R is a prime right ideal if and only if 
aRb C yp, where a, b € R with b #0, implies that a € p. Throughout this 
section R will be a division ring, and R[x] is then a prime ring. 

Let c € Rand let us set P = (x — c)R{[x]. It is not difficult to see that P 
is a semi-prime right ideal. However, if c is algebraic over the center of R, P 
is not a prime right ideal. For in this case there exists a nonzero polynomial 
g(x) with coefficients in the center of R such that g(c) = 0, and g(x) is there- 
fore both right and left divisible by x — c. It follows that 


1-R[x]g(x) = g(x)R[x] C P, 


whereas 1 ¢ P. 
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From these remarks it follows that if R is a division ring and R\x] has a 
prime right ideal of the form (x — c)R[x], then c can not be algebraic over 
the center of R. We now give an example showing that there do exist prime 
right ideals of this form. 

Henceforth, R will be the division ring of Hilbert (4, pp. 103ff), For our 
purpose it is sufficient to know that R contains the field of rational numbers 
in its center and that it contains elements s and ¢ such that ts = 2st. From 
this, it follows by induction that if a and 8 are nonnegative integers, then 


(9) s*fs? = 2” 


a 


t 


We shall show that in R[x] the right ideal P = (x — t)R{x] is a prime right 
ideal. Accordingly, we assume that 


(10) g(x)R[xljh(x) C P h(x) # 0, 

and shall show that g(x) € P. By the division algorithm, we may write 
g(x) = (x — t)g(x) + ¢, 

where c R. From (10) it follows that 

(11) cR{x]h(x) C P. 


The proof will be completed by showing that c = 0 and hence that g(x P. 

Let us assume that c ~ 0 and seek a contradiction. In particular, (11) 
then implies that Rh(x) C P. Thus, for every 6 in R, bh(x) is left divisible by 
x —t. If b # O and bh(x) = (x — t)F(x), it follows that 


h(x) = b-'(x — t)F(x) = (x — b-'th)b-'F(x), 


and A(x) is left divisible by x — 6th for every nonzero b € R. We proceed 
to show that this is impossible. Let 


h(x) = ax” + ayx™' +... +4, (ay ¥ 0). 
Ifd € R, we may write 
h,(d) = d*ay + d*™"'a, +... + ay, 


and the factor theorem states that h,(d) = 0 if and only if h(x) is left divisible 
by x — d. Accordingly, we have that h,(b~'th) = 0 for every nonzero 6 in 
R. In particular, h,(s~ts®) = 0 (8 = 0,1,..., n). Using (9), we then have 
the following system of equations: 


fan +f", +...4¢¢@, 20, 
Wa +7 T's, +...+4,=09, 


Pan + T's, +... +e, = 0, 


TTe, + Tf? S's, +... +e, = 0. 
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However, since the determinant 
l l l l 
Qn “yn—l ) 
2 2 2 l ; 
2 2 1 
| 2 
| 2" n Dnin—) : ’ Qn | 
is different from zero, it follows that 
? 
l"dyg = ~ "a, = =a" = (), 
and hence a; = 0 (¢ = 0,1,..., a). This implies that A(x) = 0 and we have 
the desired contradiction. It follows that c = 0 and hence that g(x) rs 
completing the proof that P is a prime right ideal in R[x} 
Since R[x] is an integral domain and has a prime right ideal other than 
aye a ‘ 
(0) and R[x], it is known (5) that R[x] does not have minimal prime right 
ideals. In the present example this also follows from the following statement 
whose proof we omit. If c; (¢ = 1,2,...,) are distinct elements of the 
center of R, then 
(x — cyl) (NX — Col)... (X Cyt) Rix] 
is a prime right ideal in Rix], and thus there exist prime right ideals which 
are generated by polynomials of arbitrarily high degree. ) 
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ON BINOMIAL COEFFICIENT RESIDUES 


J. B. ROBERTS 


u 
),0 <v u <n, which are congruent 


The number of binomial coefficients( 
1 
to 7,0 <j < p — I, modulo the prime number p is denoted by 6,(7). In this 
paper we give systems of simultaneous linear difference equations with constant 
coefficients whose solutions would yield the quantities @,() explicitly. In this 
direction we compute 6,(m) in all cases for p = 2 and 6,(p*), k > 0, in all 
cases for p = 3 or 5. The complete explicit determination of 6,(”) for arbi 
trary m is quite tedious for p > 2 
We also include various special results in the case p = 2 and prove that 
every prime divides ‘‘most’’ binomial coefficients in the sense that 
lim O(n) /@o(n) = 0 


ex 


where 
pl 
O(n) = ew 6,(n). 
1 


1. Definitions. If c, a, s, & are constants satisfying 0 < a < « p ‘ 


; t a 
l1<s < p*,k > O, then the collection of all()satistying 


ch’ cu <cp*+s,ap’ cvgut (a —c)p'*, 


will be denoted by (c, s, a),. When we write (c, s, a), we will assume that 
c,a, s, k satisfy the specified conditions unless stated explicitly to the contrary 
For instance if we write (0, s, a), this implies0 Cac p-—I1,1<s< p*, 
k > 0. Any collection (c, s, a), will be called a k-triangle. 


The k-triangle (c, s, a), can be put into 1-1 correspondence with the k 
triangle (0, s, 0), by the mapping 


u u—cp 
(*) (“ — #) 


Hence any two k-triangles can be put into | — | correspondence. Corresponding 
elements will be called homologous. 

If K,; and Ke are two k-triangles and a is an integer such that ky ak 
mod p) whenever k; K, and ke € Keare homologous we will write A 
a K. (mod p 


Received October 2, 1956 


363 











} 


364 J. B. ROBERTS 


2. A lemma of Lucas and applications. Our first lemma is a result of 
Lucas (1, p. 271). A simple proof may be found in Glaisher (2). We use p 


for a prime throughout. 
' 


LEMMA I. /f in the scale of radix p, 
; 


m bt+bhpt+...+ bp 
nm = do + aip + see + a,p*’ 


then 
n = ao ooo | Gy , 
( )= (*) (*) eo. FF 


m 


_— ‘ r 
(The quantity ( ) = 0) when s > r.) 
Ss 


Before making use of this lemma we observe that by repeated use of the 


identity 
a a _ (art ‘) 
(s)+(,8 ) eee 
and the almost obvious fact that 


p* 
(*°) = 0 (mod p) (lam<p 


m 


we are able to prove 


LemMMA 2. l/fn—p‘+1l1<m<p<cn 


n 
= (0) ( 1p). 
(") mod p) 


We come now to our first application of Lemma 1. 


< 


2p* — 1, k > 0, then 


LemMA 3. If Ocuv<u, ch*cu< (c+ 1p", l<c<cp-—1 and i 


| ; 
( 1s in none of the k-triangles (c, p*, a),,0 < a < ¢, then 


(=) = 0 (mod p). 


— u\. : ~~ 
Proof. Since ( ) is not in (c, p*, a), for each a,0 < a <c,v must satisfy for 
) 9 \ 

c 


some a, 0 < a < c — 1, the inequality 


u+i1+(a—c)p'<v< (a+ 1)p* — 1. 


inequality is impossible when 


Since for each a, 0g a<qc-—1l, this 
u = (c + 1)p* — 1 we can restrict attention to u < (c + 1)p* — 1. Now 


Got G1 +... + 1p" + op' 
b+hpt+...+ bh 1p" + ap’ 


“= 


Vv 


W 
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and therefore by Lemma 1, 
— {| 20 ay-1 ‘i860 - eo ve") 
= (*) nae (< ‘)( 4 - (* — ap’ (mod p). 


(u— (c—1)p*)-pr+l=u+1—cp<v—ap<p-— i 
< p* cu — (c — 1)p* < 2p* — 1, 


Fe 

er 

weet” 
| 


But since 


we know by Lemma 3 that 


i £3 - ' e") =0 (mod p). 


This completes the proof. 


By this lemma we see that when uw # (c + 1)p* — 1 there is always a v 


v, 


ee ve , 
0 <v <u, such that (“) is divisible by p. It is interesting to note that for 


' ; u\. ee ; 
each u of the form (c + 1)p* — 1, (“) is non-divisible by p for 0 <u < u. 


Thus we state the 


u 


v 


COROLLARY. No ( ), 0 <v <u, is divisible by p if and only if u is of the 


form (c+ 1)p* — 1 whereO Cc Kg p—l. 


Proof. The necessity is by the lemma. For the sufficiency we have 
(c+ 1)p* —1L=(~p-—1)+ (P-—)Dpt...+ (bP — 1)p*' 4+ cp* 
v=bot+bipt... + dk ip*' + dp 
where 6; C< p—1,1<i<¢ k—1 and & < c. Hence 


(« + Wp - ') (?- ‘) a (?- 1)(¢) (mod p) 


by Lemma 1. But this right-hand side is not congruent to 0 modulo p. This 
completes the proof. 


Another important application of Lemma 1 is the following 


LEMMA 4. 


(c,s,a). = & ) (0, s, 0), (mod p). 


u . ; : 
Proof. Let (*) be in (c, s, a)y. Then cp* cu <cp*+s5, ap* cv<cu 


+ (a — c)p* and we can write in radix p, 
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u=aotapt...ta ip + cp’ 
v =b +h pt... +b, p+ af*. 


_. = ees 8 , , 
(*) - : —ap’/ \a (mod 9). 


A 

_ u—cp u ps 

Since A runs over (0, s, 0), as ( ) runs over (c, s, a), the proof is 
v—ap v 

complete. 


COROLLARY. The number of numbers in (c, s, a), which are congruent to 
j (mod p), l|<j<p—l,is 


where j, 1s that number satisfying 


° ° c ° 
l<jacp- 1 i )=j (mod p) 
Proof. By the lemma a number in (c, s, a), is congruent to 7 modulo p if 


and only it( ) times its homologous element in (0, s, 0), is congruent to 7 
a 


yr oe 
id ) = j (mod p) 
a j 


the number of possibilities is the number of 7, in (0, s, 0), and this is just 


modulo p. Since 


#, (s). 


3. The main recursion relation. Utilizing Lemma 3 we see that for 
. u 

0<c<p-—1,1<s < p* all of those (“) 0O<v<u,cp* <u <cp'+s, 
» 


which are not congruent to zero modulo p are in one of the c + | &-triangles 
(c, s, @)z, O< a < cc. Therefore 0;(cp* + s) — 6;(cp*) is just the number of 
elements congruent to 7 modulo p contained in these k-triangles. By Lemma 4 
this number is 


> 4,, (s) 


Defining e,; (c), 1 <q < p — 1, to be the number of j,, 0 < a < c, which 
are equal to g, the above sum becomes 


p-l 


> €qj(C) 8, (s). 


But e,,;(c) is just the number of solutions of the congruence 


whic 


Ni 
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( 7 ) - 
= (m«¢ ) 
» q J mod p), 


Oalc + 1) — Ogle 


which number is, by definition, 


where @ is the reciprocal of g modulo p. Hence we have the following theorem 
setting forth our main recursion relation. 
THEOREM 1. /fO ccc p-1l,1<s< p*', k>O, gg = 1 (mod p) then 
p—1 


6,(cp + s) = 0,(cp') +> (gle + 1) — Ojc(c)) 0,(s) 
a= 


Remembering the definition of @(7) we have under the hypotheses of the 
theorem the following 


COROLLARY 1. O0(cp* + s) = O(cp*) + (¢ + 1)A(s) 
Proof. For each gq, 1 <q < p — 1, the residues modulo p of the numbers 
. er (p — 1)q@ are the numbers 1,2,..., » — 1 in some order. Using 


this fact and the theorem we obtain 
p-l 

a(cp’ +s) =>> 0,(cp* + s) 
1 


p-l p-—1l p—l 
=>) o,(cp') +> > Ogle + 1) — O(a)) 8,(s 
" q=l 1 


= A(cp*) + (@(c + 1) — A(c)) Os 


Since 6(c + 1) — 4(c) = c¢ + 1, because c is smaller than »p. the proof is 
complete. 


COROLLARY 2. Jf 0 Cc < p, k > O then 


p-l 

(a) 6,(cp*) = >> Osc(c) 0,(p*); 
1 

(b) A(cp*) = 8 c(c + 1) O(p"). 


Proof. (a) This is true for c = 0 or k = 0 so we suppose c > 0, k > 0 
Now taking s = p* the theorem gives, for 1 < ¢ < p, 


c 


dX (6,(ip') — 0,((§ — 1)p")) 


i=1 
c p-1 


0 (cp*) 


(Oj;(1) — O(i — 1)) 0,(p" 


- Il 
M 


i=l g=1 
p-l ¢ 


=> (Osc(i) — O(i — 1)) 0,(p' 


q~=l i=l 


= 20 O(c) O,(p"). 
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p-l 


(b) a(cp*) = p> 0,(cp*) 
j= 
p-l 
at > (= 6 sa ( (c)) auto" 
= 6(c) @ = $c(c + 1) 0(p") 


(p*) 
Coro.iary 3. (a) Jf k > 0, 1 <j < p — 1 then 


p-1 
0,(p') = Do Oa(p) 0,(p**) ; 
q=l 
(b) If k > O then 
6(p*) = (4p(p + 1))*. 


Proof. (a) Taking c = p in Cor. 2 (a) gives 
p-l 


6,(p**") = > 6,<(p) 0,(p"), k > 0 


and this is equivalent with (a). 


(b) This is obvious for k = 0. If true up to some k > 0 then by Cor. 2(b), 


a(p**") = 4 p(p + 1) O(p*) = (4 p(p +: 1))**". 


This completes the proof. 


By repeated application of these corollaries we are able to give an explicit 
expression for 6(n). This we do in the next corollary. 


COROLLARY 4. Jf n = a9 + aip+...+a,p*, 0 <a; < p — 1 then 
kA 


O(n) = +> a((a; +1)... (aq +1)) 4 p(p4+1))’. 


i=0 


Theorem | and its corollaries determine the @,(m), 1 <j <n, as solutions 
of a system of linear difference equations with constant coefficients. The 
quantity 

6o(n) = 4n(n + 1) — O(n) 


In general the calculations needed to compute explicitly the 6,(m) are pro- 
hibitive. However we perform some calculations in this direction in the 
next section. 


4. 0,(p*) for p = 3, 5. The simplest case to deal with is p = 2. In this case 
we can compute 6,(m) for arbitrary n. The details will be given in the next 
section where some other aspects of our results for p = 2 are discussed. 

When p = 3, since (j9)q = 7 (mod 3), we have 


1] = 23 =1 


bol 

=e 
Ill 
w 


2 (mod 3). 


a“ 


By 


we 


eq 
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By direct examination we find 6,(3) = 5, @:(3) = 1. We now obtain from 
Cor. 3(a) of Theorem 1 the following pair of simultaneous difference equations 
6,(3") — 5 0,(3""") — 6,(3*"") = 0, 
; 6,(3") — 6,(3""") — 56,(3*") = 0. 
i Solving these equations using the empirical initial conditions 
0:(1) = 6.(3) = 1, 0;(3) = 5, (1) = O 


we obtain 
6,(3*) = 4 (6* + 4*), 6.(3*) = 4(6* — 4°). 


From these it follows that 


69(3*) 


4 3*(3* + 1) — 6. 


In a similar way with » = 5 we find a system of four linear difference 
equations in four unknowns. Using the suitable initial conditions we obtain 


a“ 


6,(5*) = 4(15* + 9* + (8 — i)* + (8 + i)*), 
j 6.(5*) = 4(15* — 9* — i(8 — 2)* + 21(8 + 2)*), 
6;(5*) = 4(15* — 9* + i(8 — i)* — 1(8 + 2)*), 
6,(5*) = 4(15* + 9 — (8 — i)* — (8 + 7)*). 
From these it follows that 
69(5*) = 4 5*(5* + 1) — 15*. 
' 
5. The case p = 2. In the case p = 2, Cor. 4 of Theorem 1 reads as follows 
1) Ifm = 2 +...+4+2%,a:>... >a,, then 
6(n) =>) 2°". 3" 
i=1 
; Since every n is of one of the three forms: 
' ° , 
} (i) 28 + ...+ 2% witha; >... >a,>0; 


(ii) 20+... 42% + 2°4+ 2%'4+...4+2+4 1witha, >... >a,>s+1; 
(iii) 2? + 2%'4+...4+2+4+1 


we can use (1) to compute 6(m + 1) — @(m) finding its values in the three 
cases to be 2’, 2*+’, 2*+! respectively. Hence we have the result: 

(2) the number of odd (;,) for fixed m and 0 < m < n is equal to 2* where s 
is the number of non-zero digits in the binary expansion of n. 

This result was proved by Glaisher (2) from our Lemma 1. From this we 
have the special result, which can be proved in a very nice way directly 
(3, p. 15 problem 12 and the solution pp. 97-98), that the mth row of Pascal's 
triangle consists of odd numbers exclusively if and only if m is a power of 

2. This special case is also an immediate consequence of the corollary to 
Lemma 3. 
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If we let 6, = 6:(n + 1) — 6,(m) and E, = @(m + 1) — O(n) we have 
the result: 

(3) E, < 0, if and only if m + 1 < 2'+* where s is the number of non-zero 
digits in the binary expansion of n. In all other cases E, > @,. 

The first statement in (3) follows from (2) since E, — 0, = n+ 1 — 2’. 
In order to prove the second part of (3) suppose the contrary. That is, suppose 
E, = 0, for some n. Then by (2), 2 + 1 = 2'+* or m = 2° +...+ 1. But 
then the number of non-zero digits in the binary expansion of n is s + 1. 
This is a contradiction and therefore E, ~ 6, for all n. 

We include one other result whose proof we omit. 

(4) 6:(m) > Oo(m) if and only if 1 <<” < 18. 


6. “‘Most binomial coefficients are divisible by a given prime’’. | 
this section we prove the 
THEOREM 2. 


lim 6(m)/@o(n) = 0. 


Rom 


Proof. Clearly @(m) and @9(m) are non-decreasing functions of nm. Hence if 
p* <n < p**' then, using Cor. 3(b) of Theorem 1, 


O(n) /Oo(n) < 0(p**") /Ao(p*) 


+1 aes Fi p+1 a 1 j 2 k 2 k ol i 
- (*3 ) ("3 )-( 2 yt = oip+1\(22:) +(52,) “ay s 


and this tends to0 as” — @~. 
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COMBINATORIAL PROPERTIES OF MATRICES 
OF ZEROS AND ONES 


H. J. RYSER 


1. Introduction. This paper is concerned with a matrix A of m rows and 
n columns, all of whose entries are 0's and 1's. Let the sum of row i of A be 


denoted by r, (i = 1,..., m) and let the sum of column i of A be denoted by 
s; (@=1,...,m). It is clear that if + denotes the total number of 1's in A 
r= Din= Ds 
i=l i=} 


With the matrix A we associate the row sum vector 
R = aa = 2 


where the ith component gives the sum of row i of A. Similarly, the column 
sum vector S is denoted by 
S = (sy, sae ¢ Rade 


We begin by determining simple arithmetic conditions for the construction 
of a (0, 1)-matrix A having a given row sum vector R and a given column 
sum vector S. This requires the concept of majorization, introduced by 
Muirhead. Then we apply to the elements of A an elementary operation called 
an interchange, which preserves the row sum vector RK and column sum 
vector S, and prove that any two (0, 1)-matrices with the same R and S 
are transformable into each other by a finite sequence of such interchanges. 
The results may be rephrased in the terminology of finite graphs or in the 
purely combinatorial terms of set and element. Applications to Latin rec- 
tangles and to systems of distinct representatives are studied. 


2. Maximal matrices and majorization. Let 


2: eer. eee 


be a vector of m components with 1’s in the first r; positions, and 0’s elsewhere. 
A matrix of the form 


5m 
is called maximal, and we refer to A as the maximal form of A. The maximal 


A may be obtained from A by a rearrangement of the 1's in the rows of A. 
Also by inverse row rearrangements one may construct the given A from A. 
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Let R = (#;,...,%m) and S = (&,...,58,) be the row sum and column 
sum vectors of A. Evidently 


R= R. 


Moreover, it is clear that the row sum vector R uniquely determines A, and 
hence S. Indeed, r = 5) r; = } §, constitute conjugate partitions of r. 


Consider two vectors S = (s;,...,5,) and S* = (s;*,...,.5,*), where the 
s, and s,* are nonnegative integers. The vector S is majorized by S*, 
a <2, 
provided that with the subscripts renumbered (5; 3): 
* * 
(1) et a Se ee eee Fe. 
. * , 
(2) Sit... $S, OS +... tS, gm l,...,8%— 1: 
* * 
(3) ie ee oe i a oe 


For the vectors S and § associated with the matrices A and A, respectively, 
we prove that 
S<S. 
We renumber the subscripts of the s,; of A so that 
Sa P 8a Dees 2 Se 
For A, we already have 
i >h>...>4& 
Now A must be formed from A by a shifting of 1's in the rows of A. But for 
each i = 1,...,m — 1, the total number of 1's in the first i columns of A 
cannot be increased by a shifting of 1’s in the rows of A. Hence 
AT. TH KRAF.. ay 


i=1,...,m” — 1. Moreover, 


Sat... HS = 8+... + 4,, 
whence we conclude that S < S. 


THEOREM 2.1'. Let the matrix A be maximal and have column sum vector 8. 
Let S be majorized by S. Then by rearranging 1's in the rows of A, one may 
construct a matrix A having column sum vector S. 


Without loss of generality, we may assume that the column sums of A 
satisfy 5; > s2 > ... > s,. We construct the desired A inductively by columns 


by a rearrangement of the 1's in the rows of A. 


‘Added in proof. The author has been informed recently that Theorem 2.1 was obtained 
independently by Professor David Gale. His investigations concerning this theorem and cer- 
tain generalizations are to appear in the Pacific Journal of Mathematics. 
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By hypothesis, S < 8, whence s; < 4. If s; = 8,, we leave the first column 


of A unchanged. Suppose that s,; < §;. We may rearrange 1's in the rows of 


A to obtain s; 1's in the first column, unless 


But if these inequalities hold, then 
Se oe PEP Oh SD Be Sic O S& = 8, +... + 6,, 


which is a contradiction. 

Let us suppose then that the first ¢ columns of A have been constructed, 
and let us proceed to the construction of column ¢ + 1. We have then given 
an m by nm matrix 


err Nits - 9 Bale 


where the number of 1's in column 7; is s; (¢ = 1,...,¢). Let the number of 


I's in column 7, be s’; (7 = t+ 1,..., n). We may suppose that 


, , . , 
St+1 2 Si+2 2 ooo PD Sy 


Two cases arise. 


Case 1. Sina < S'o41. 


In this case, remove 1's from column 7,,; by row rearrangements, and place 
the 1’s in columns 7,42, ..., n,. If sufficiently many 1's may be removed from 


n+: in this manner, then we are finished. Suppose then that there remain « 
l’s in column ¢ + 1, with 


. J 
Si41 < € & Seat, 


and that no further 1’s may be removed by this procedure. Then there must 
exist an integer w > 0 such that 


Sait... +S, = (n — the+w. 


But 
S¢+1 < ¢, 
Sere S Sy4 <« 4, 


Therefore 
(n — the+ w= Suit... +5, < (um — be, 


which is a contradiction. 


Ci >) J ” 
ase z. Se4t \ See. 











374 H. J. RYSER 


By row rearrangements, insert 1's into column 7,4; from columns 9,42, 


, 
Sepa SE < Ses, 


and that no further 1’s may be inserted by our procedure. 
Let the matrix at this stage of the construction process be denoted by 


[ers}. 
If now 
Crier = 0, 

then 

er, = 0, (j =f + eee mm). 
Suppose that some 

er, = | jp>tt+2 
Then either 

en = 1 (k=1,...,¢+1) 
or else for some k, 1 < k < t, 

Cn = 0. 


Consider the case in which e,, = 0. Since s; > S441 > e, there must exist 


Cx = 1, Cp. 41 = O. 


Interchanging ¢,,; = 1 and e,, = 0, and interchanging e,, = 1 and e, 4:1 = 0, 
we see that s,,..., 5, are left unaltered, and that e is increased by 1. 
Continue to increase e by transformations of this variety. Suppose that all 


such transformations have been applied and that e still satisfies 


, 
Ste SO < Soy. 


But now it is no longer possible to move a 1 from columns ¢ + 2,... 
into columns 1, 2,..., t + 1. This means that 


Sit... $¢ Spt ee SH t+... Hoe H F541. 
But then 


Sit... He Sor Si H+... HB ee =Ss+...¢ 5,46, 
whence 5,4: < e, which is a contradiction. This completes the proof. 


The preceding theorem has a variety of applications. For example, let the 
(0, 1)-matrix A of m rows and nm columns contain exactly r = km 1's, where k 
is a positive integer. Let the column sum vector of A be S = (s:,..., Sn). 
Then there exists an m by n matrix A* composed of 0’s and 1’s with exactly 
k 1's in each row, and column sum vector S. For let A be m by n, with all 1's 
in the first k columns and 0's elsewhere. If 8 denotes the column sum vector of 


A, then S < 8S, and the desired A* may be constructed from A. 


« ¢ te 
If sufficiently many 1’s may be inserted in this manner, then we are finished. 


Suppose then that there remain ¢ 1’s in column ¢ + 1 with 
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In this connection we mention the following result arising in the study 
of the completion of Latin rectangles (1; 7). Let A be a (0, 1)-matrix of r 
rows and columns, 1 < r < nm. Let there be & 1's in each row of A, and let 
the column sums of A satisfy k — (n —r) < s,; < k. Then n —r rows of 
0's and 1's may be adjoined to A to obtain a square matrix with exactly k 
I's in each row and column (7). To prove this it suffices to construct an 
n — r by » matrix A* of 0’s and 1's with exactly & 1's in each row, and column 
sum vector (Rk — s1,..., k — s,). By the remarks of the preceding paragraph, 
such a construction is always possible. 


3. Interchanges. We return now to the m by m matrix A composed of 0's 
and 1's, with row sum vector R and column sum vector S. We are concerned 
with the 2 by 2 submatrices of A of the types 


10 01 
Ay -|: | and As -|' 7 


An interchange is a transformation of the elements of A that changes a specified 
minor of type A, into type A», or else a minor of type A» into type A;, and 
leaves all other elements of A unaltered. Suppose that we apply to A a finite 
number of interchanges. Then by the nature of the interchange operation, 
the resulting matrix A* has row sum vector R and column sum vector S. 


THEOREM 3.1. Let A and A* be two m by n matrices composed of 0's and 1's, 
possessing equal row sum vectors and equal column sum vectors. Then A is 
transformable into A* by a finite number of interchanges 


Che proof is by induction on m. For m = 1 and 2, the theorem is trivial. 
rhe induction hypothesis asserts the validity of the theorem for two (0, 1)- 
matrices of size m — 1 by n. 

We attempt to transform the first row of A into the first row of A* by 
interchanges. If we are successful, the theorem follows at once from the 
induction hypothesis. Suppose that we are not successful and that we denote 
the transformed matrix by A’. For notational convenience, we simultaneously 
permute the columns of A’ and A* and designate the first row of A’ by 


(6,, Me» Ory Me) 
and the first row of A* by 
(6,, Ms» Mey O¢)- 


Here 6, and 6, are vectors of all 1's with r and ¢ components, respectively, 
and », and 7, are 0 vectors with s and ¢ components, respectively. Thus we 
have been successful in obtaining agreement between the two rows in the 
positions labelled 5, and 7,, but have been unable to obtain agreement in the 
positions labelled 6, and »,. We may suppose, moreover, that these 2t positions 
of disagreement are the minimal number of disagreements obtainable among 
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all attempts to transform the first row of A into the first row of A* by inter- 
changes. 

Let A’,»-1 and A*,_, denote the matrices composed of the last m — | 
rows of A’ and A*, respectively. The row sum vectors of A’,,; and A*,—; 
are equal. Also corresponding columns of A’,,; and A*,,—; below the positions 
labelled 5, and n, have equal sums. Let a; denote the (r + s + 7)th column 
of A’m—1, and let 8, denote the (r +s +4-+ 7)th column of A’,_1, where 
t=1,...,¢. Let a,*,...,a,* and 6,*,...,8,* denote the corresponding 
columns of A*,,_;. Let a;, b;,a;*, 6,* denote the column sums of a;, B;, a;*, 8/*, 
respectively. 

Now in A’,,_; we cannot have simultaneously a 0 in the position determined 
by row j and column a@; and a 1 in the position determined by row j and column 
8,. For if this were the case, we could perform an interchange and reduce the 
2t disagreements in the first row of A’. Hence a; > b;. Moreover, a,;* = a; + | 
and b,* = b, — 1, whence 

* * 

a, — 6; = a,;-—6b;+2>2. 

In A*,_1, consider columns a,* and 6,*. There exists a row of A*,,_; that has 
a 1 in column a;* and a 0 in column 8,*. Replace the 1 by 0 and the 0 by 1, 
and let such a replacement be made for each i = 1,..., ¢. We obtain in this 
way a new matrix A m-—1 whose row and column sum vectors are equal to those 
of A’, :. By the induction hypothesis, we may transform A’,—; into A»—1 
by interchanges. However, these interchanges applied to A’ will allow us to 
perform further interchanges and make the first rows of the transformed A’ 
and A* coincide. Hence the theorem follows. 

Let & denote the class of all (0, 1)-matrices of m rows and n columns, with 
row sum vector R and column sum vector S. The term rank p of A in & is the 
order of the greatest minor of A with a nonzero term in its determinant 
expansion (6). This integer is also equal to the minimal number of rows and 
columns that contain collectively all of the nonzero elements of A (4). A 
(0, 1)-matrix A = [a,,] may be considered an incidence matrix distributing n 
elements x;,...,X, into m sets S;,...,5S,. Here a;, = 1 or 0 according as 
x, is or is not in S;. From this point of view the term rank of a matrix is a 
generalization of the concept of a system of distinct representatives for subsets 
S,,...,5S, of a finite set N (2). Indeed, the subsets S,,...,5,, possess a 
system of distinct representatives if and only if p = m. 


THEOREM 3.2. Let p be the minimal and j the maximal term rank for the 
matrices in UA. Then there exists a matrix in A possessing term rank p, where p 
is an arbitrary integer on the range 

Pp SB. 

For an interchange applied to a matrix in & either changes the term rank 
by 1 or else leaves it unaltered. But by Theorem 3.1, we may transform the 
matrix of term rank f into the matrix of term rank f. This implies that there 
exists a matrix in Y& of term rank p. 
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A CLASS OF NON-DESARGUESIAN PROJECTIVE 
PLANES 


D. R. HUGHES 


1. Introduction. In (7), Veblen and Wedderburn gave an example of a 


non-Desarguesian projective plane of order 9; we shall show that this plane 


is self-dual and can be characterized by a collineation group of order 78, 
somewhat like the planes associated with difference sets. Furthermore, the 
technique used in (7) will be generalized and we will construct a new non- 
Desarguesian plane of order p™ for every positive integer m and every odd 
prime p. To do this, we need a result due to Zassenhaus (8) that there exists 
a near-field which is not a field of every order p*", p an odd prime, whose 
center is a field of order p". However there are some significant differences 
between the case p”" = 


9 and all other cases, and these lead to some unsolved 
problems. 


Furthermore, we shall show that none of the planes constructed in this 
fashion can be coordinatized by Veblen-Wedderburn systems (with either 
distributive law) and that each such plane possesses a (non-linear) planar 
ternary ring whose additive loop is an elementary abelian group. 


2. Construction of planes. A finite /eft Veblen-Wedderburn system (left 
V-W system) is a finite set R containing at least the two distinct elements 0 
(zero) and 1 (one), together with two binary operations, addition (+) and 
multiplication (-) (where we often write ab for a - b), all satisfying: 

(1) R is a group under addition, with “identity” 0; 

(2) The non-zero elements of R form a loop under multiplication, with 

identity 1; 

(3) Ox = x0 = 0, allx © R; 

(4) The left distributive law is valid in R: 

a(b +c) = ab+ ac, a,b,c € R. 

Similarly, a right V-W system satisfies the right distributive law, in place 
of (4). A left (right) V-W system with associative multiplication is a /eft 
(right) near-field. Throughout this paper we shall omit the term “‘finite,”’ as 
all V-W systems considered will be finite; it has been shown that the addition 
of any V-W system (indeed, even the infinite ones) is commutative, and 
(for the finite case only) is elementary abelian. Hence R always has order 
equal to a power of a prime. (See (4) for proofs.) 
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Any (left or right) V-W system is a linear planar ternary ring (2; 3). If R 
is a (left or right) V-W system which is not a field then the plane x coordina- 
tized by R is non-Desarguesian and contains a distinguished line or point 
(depending on which distributive law is present) which is moved by no 
collineation ; a pair of anti-isomorphic V-W systems coordinatize planes which 
are duals. In (8) Zassenhaus has determined all (finite) near-fields, as well 
as their automorphism groups, and in particular, has shown that for any 
odd prime p and any positive integer nm there is a near-field R (which is not 
a field) of order p** whose center is a field of order p". (By ‘‘center’’ we mean 
here the set of all elements z € R such that zx = xz for all x © R.) 

Let R be a left near-field (which is not a field) of order p™” containing a 
field F of order p* as its center; let g = p™ + p" + 1. For the sake of sim- 
plicity in the argument, we introduce the set V of all ordered triples (x, y, z) 
where x, y, z are in R, and let V» be the subset of V' consisting of all triples 
all of whose entries are in F. Then V is a left vector space over R (or over F), 
and Vo is a left vector space over F. Suppose A is a (non-singular) linear 
transformation of V, as a vector space over R, with the following additional 
properties: 

(i) VoA = Vo, 
(ii) ifv isin V, then vA* = kv for some k in Rk, k # 0, 
(iii) if v9 is in Vo, vo # (0,0, 0), and if 1A" = kv, where k is in F, k ¥ 0, 
then m = 0 (mod q). 
Then, using (i), if x, y, z are in RX, we can write: 


(1) (x,y, 2)A™ = (Girx + Gizy + 138, GeiX + Goey + Go3Z, AaiX + Aa2xy + 332)’ 


where the a,, are in F (and the a,,; depend only on m, of course). Furthermore’ 
if A has the form given by (J), as a linear transformation only of V» over F, 
and if A satisfies (ii) and (iii) (as they apply to V» and F), then certainly 
A is a linear transformation of V over R and satisfies (i), (ii), and (iii). So 
the existence of A depends only on the existence of a linear transformation 
Ay of Vo over F satisfying: 

(iv) if vo is in Vo, v9 + (0,0, 0), then vA” = kvo, where & is in F, k # 0, 

if and only if m = 0 (mod q). 

We shall return to the question of the existence of A» after some discussion 
of the use of A. 

Given R, F, and A as above, let us construct a set x of points and lines, 
with an incidence relation (i.e., point on line or line contains point, etc.), as 
follows. The points of x will be the elements of V, excepting the element 
(0,0,0), with the identification (x, y,z) = (kx, ky, kz), for any non-zero k 
in R. The lines of x aré the formal symbols L,A™, where either ¢ = 1 or ¢ is 
in R, ¢ not in F, and where the only identifications will be L,A* = L,A™ if 
k = m (mod q). Incidence is as follows:v = (x, y, z) ison L,ifx + yi +2=0, 
while L,A™ contains just those points vA” such that v is on L,. By simple 
counting, it is seen that x contains p” + p*" + 1 points and the same number 
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of lines, and that each line is incident with p*" + 1 distinct points (we have 
not yet shown, of course, that an arbitrary pair of distinct lines differ at all 
as sets of points). Thus, from (5), if we can show that each two distinct lines 
have exactly one point in common, then 7 will be a projective plane of 
order p™. 

Now the existence of A» is assured by the work of Singer (6), since the 
cyclic collineation given by him is easily seen to be nothing but a linear 
transformation of the vector space V», and to satisty (iv). Indeed, Singer 
states as much, since he represents his projective plane by ‘“‘homogeneous”’ 
coordinates from the field F (i.e., ordered triples with the identification we 
have used above), and then, without explicitly making use of the vector 
space, shows the existence of a linear transformation A» whose gth power 
(and no smaller positive power) maps an element (x, y, z) onto an element 
(kx, ky, kz), k # 0. 

Thus if we succeed in showing that the set constructed above is a pro- 
jective plane, it will even contain a subplane mp» of order p", consisting exactly 
of those points (x, y, z) for which x, y, z are in F, and of the lines L,A™. (Thus 
m) will be Desarguesian.) Furthermore, whether 7 is a projective plane or 
not, each mapping A” is a collineation of x: if the point P is on the line L, 
then PA” is on LA™. From this last remark, to show that any pair of distinct 
lines intersect in exactly one point, it will be sufficient to show that any pair 
of distinct lines L,A" and L, intersect in exactly one point. In what follows, 
we assume that equation (1) takes the following form for A~": 


(2) (x,y, 2)A~" = (GyuiX + Gizy + 132, daiX + Geoy + Go3Z, AgiX + As2y + G32). 


Let us consider the intersection of the distinct lines L,A” and L,; if (x, y, 2) 
is on both lines, then (x, y, z)A~” is on L,, so we have: 
(3) (@ir¥ + Gizy + G32) + (Gaix + Gey + Go32)t + (Gaix + Asxy + G32) =0, 
(4) x+ ys+2=0, 


where each a,, is in F. Solving equation (4) for x and substituting in (3), we 
have: 


(5) yu + za + (yw + 2b)t = 0, 
where: 
(6) u = aie oa a32 — (di + 431)5, vv = dee — 25, 


a = A143 + G33 — (dir + Gs), b= 


> 

I 
ie) 
= 
= 


Note that a, 6 are in F. We now have several cases. 
Case 1; b # 0. Then equation (5) can be written 
(yu + 2b)b-'a + y(u — vb-'a) + (yo + 2b)t = 0, 
utilizing the fact that a, b-' are in the center. This becomes: 


(7) (yo + 2b) (b-'a + t) + y(u — vd-'a) = 0. 
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It is easy to see that if ¢ = 1 then (5) and (4) have a unique common solution 
for the point (x, y, z). So we assume ¢ # 1, and thus in (7), ¢ is not in F, and 
hence w = b-'a + t # 0. So (7) becomes (yu + 2b)w = — y(u — vb-'a), or, 
multiplying through by w~' and collecting terms, 


(8) ylv + (u — vb-'a)w-'] + 2b = O. 


Since not both the coefficients in (8) can be zero (i.e., b # 0), (8) and (4) 
have a unique common solution for the point (x, y, 2). 


Case I1; b = 0, a # 0. Then (5) becomes: 

(9) y(u + vt) + za = 0. 

But since a # 0, (9) and (4) have also a unique common point. 
Case I11; a = 6 = 0. That is to say: 

(10) Qi3 + A433 = Ay; + Aa, Ao; = A}. 


But now consider the element vo = (1,0, — 1); from (10) it is immediate 
that »A-" = cup, where c = a,; — d,3. Necessarily c # 0, since A~” is not 
singular. Thus m = 0 (mod gq), so L,A™ = L,, and then it is easy to see that 
the distinct lines L, and L, have only the point (1,0, — 1) in common. 

We have thus completed the proof that 7 is a projective plane of order 
p™*, and we note that # possesses a cyclic collineation group (generated by 
A) of order g = p™ + p” + 1. Furthermore, the collineation A fixes no point 
or line of x, so if we succeed in showing that 7 is non-Desarguesian, then it 
even has the stronger property that it cannot be coordinatized by a V-W 
system, in any manner whatsoever. For use in § 4, we note that the line 
L,A™ of x can be represented by an equation: 


(11) xa + yb + 2c + (xa’ + yb’ + 2c’)t = 0, 


where a, b, c, a’, b’, c’, are all in F. 


3. Collineation groups. As pointed out above, possesses a cyclic group 
of collineations of order g = p™ + p" + 1. Furthermore, if @ is any auto- 
morphism of the near-field R, and if @ fixes every element in F, then the 
mapping (x, y, z) — (x0, y@, 20), L,A"— LA”, is acollineation of x. The near- 
field of order 9 possesses the non-abelian group of order 6 as a group of auto- 
morphisms (8) and this group necessarily fixes every element in the subfield 
of order three. Thus the plane has a group of collineations of order 78, which 
is the direct product of the cyclic group of order 13 and the non-abelian 
group of order 6. In (7) this collineation group is given explicitly, and it is 
pointed out that the group is transitive and regular on the points and lines 
of x which are not in the subplane zp» of order three (x is mapped into itself 
by all of the 78 collineations). We shall abstract from this situation before 
analysing the plane of order 9 in more detail. 
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Let # be a projective plane containing a proper subplane zo of finite order 
m. Suppose G is a group of collineations of + such that 2» is mapped into 
itself by every element of G, and such that G is transitive and regular on the 
points and lines of x that are not in mo. Since any line of ro contains a point 
P not in mo, every point of w that is not in mo is on exactly one line of x»; 
for any point of z, not in mo, is an image of P under some element of G. Let 
= have order ; as every point of x is on at least one of the m* + m + 1 lines 
of wo, ” is finite, for no finite set of lines carries all of the points of an infinite 
plane. Each line of wo carries m — m points not in mo. So there are 


(n — m)(m? + m+1)+ m’+m+1=n2?+n4+1 


points in x. Solving this for m, and noting that m # m, it is elementary that 
n = m*. If L, and Lz are lines of mo, containing the points P; and Pz, res- 
pectively, where P;, Ps ¢ mo, then since Pix = P, for some x € G, we have 
L\x = Lz since Lz is the only line of ro containing Ps. Thus G is transitive 
on the lines, and similarly on the points, of ro. The order of G is equal to 
the number of points of which are not in zo; i.e., G has order m* + m? + | 
— (m*? + m+ 1) = m* — m. Let the points and lines of # that are not in 
mo be called tangent points and tangent lines. Let Py» be some fixed tangent 
point and let Jp be some fixed tangent line; we can assume that Py is on Jo. 
Let Ko be the unique line of ro which contains P», and let Q» be the unique 
point of x» which is on Jo. Let D be the subset of G consisting of all x such 
that Pox is on Jo, let E consist of all x such that Pox is on Ko, let F consist 
of all x such that Jox contains Qo, and let Do consist of all x such that Qox 
is on Ko. 

We observe that E and F are subgroups of G. For if e is in E, then Poe is 
a point of Ko, and must lie on exactly one line of x9; hence this line must be 
Ko, so Koe = Ko, and E is the subgroup of G which fixes Ko. Similarly, F is 
the subgroup which fixes Qo. If K is any line of wo, then K is fixed by some 
conjugate (in G) of E, and if Q is any point of mo, then Q is fixed by some 
conjugate of F. Furthermore, FD,E = Dy; E and F have order m* — m, D 
contains m? elements and Dy contains (m + 1)(m* — m) elements. 


THEOREM lI. (i) Jf a is not in E, then a = d,d.~ for a unique d,, dz in D; if 
a tis in E, a # 1, then a # d;d-“" for any d,, dz in D. 


(ii) The left cosets of F can all be represented as dF for a unique d in D, or 
as dg"'F for do in Do, but not both. 


(iii) If ais not in F, thena = d,d,“ for d;, dz in Do, where d;, dz are uniquely 
determined up to a common right multiple by an element of E (1.e., dye, dze, where 
e is in E, are also in Dy and a = (dye) (d2e)—', but a only has representations 
of this form). 


(iv) FDVE = Do. 


A a 5 
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Proof. (i) If a is not in E, then P»- Pea is a line Job for a unique 6. Hence 
b-! = d, in D, ab“ = d, in D, so a = d,d;“'; since b is unique, it is easy to 
see that d;, dz are unique. Conversely, if ais in E,a # 1, then the impossibility 
of a = d,d,~' is easy to demonstrate. 

(ii) As in (i), consideration of the point R = Jo-Joa, where a is not in F, 
shows that a = d,~'d, for a unique pair d,, dz in D, and if a is in F, a # 1, 
then a # d,~'d, for any d,, dz in D. Hence if d;, d, are in D and d,F = d2F, 
then d,~'d» is in F, so d; = do. Thus the m? cosets dF, for d in D, are all 
distinct. 

Consider the points P» and Qoa; the line L = Po-Qoa is a line Job if and 
only if b-' is in D and Qoa = Qob; i.e., if and only if a~' is in b-'F, where b-' 
is in D. On the other hand, if L = Kob, then d is in E and ab is in Do, soa 
is in Dob C DoE = Do = FDy. So am is in do~'F, where dy is in Do. This 
proves (ii). 

(iii) Consider the line Kob = Qo-Qoa, where a is not in F. We have, as in 
(i), a = d\d,-', where d,, dz are in Do, but d;, dy are not unique: since 
Kob = Koeb for any e in E, it is easy to see that d,e, dse (both in Do») also 
represent a as a = (d,e)(d2e)~', and that all such representations are of this 
form. 

(iv) It has already been pointed out that (iv) is satisfied. 

Now, without giving the proofs (which are straightforward but time- 
consuming), we remark that the existence of a group G of order m* — m, 
containing subgroups E and F of order m*? — m and two subsets D and Dp, 
with m? and (m + 1)(m* — m) elements respectively, all satisfying (i)-(iv) 
of Theorem 1, implies the existence of the projective plane x. Points are 
designated by (a) for all a in G, and (Fa) for all cosets Fa of F; lines are 
|Db) for all 6 in G, and [Ed] for all cosets Eb of E. Incidence is given by the 
rules: (a) is on [Db] if a is in Db; (a) is on [Ed] if a is in Eb; (Fa) is on |Db} 
if b is in Fa; (Fa) is on [Ed] if a is in Dob. 

Suppose such a group possesses an automorphism \ with the properties 
EX = E, Fr = F, d-") is in D if d is in D, do") is in Dy if do is in Do. Then 
the mapping 7 defined below is a duality of the plane x, the simple proof of 
which statement we omit. 


T: (a)—[D- ar] [Db] — (dd) 
(Fa) — [E - ad] Eb| — (F - bd). 





In the case of the plane of order 9 given by Veblen and Wedderburn, G 
can be taken as the group of order 78 mentioned above, and E = F is the 
subgroup of order 6; note that E is normal in G. The subsets D and Dy depend 
upon our choice of P».and Jo, so we reproduce the plane below. The points 
are the symbols A,, B;,...,G;, 1 = 0,1,..., 12, and we give seven of the 
lines; the remaining lines are found by successively adding one to the sub- 
scripts, reducing modulo 13 (indeed, this operation corresponds to the 
collineation A): 
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Ly : Ay Ai As Ap Bo Co Do Eo Fo Go 
L, : Ao B, By Ds: Dy Ex Ey Es Gi Gs 
Le; : A» Ci Cs 47 Ey F; Fy G2 Gs Gs 
Lis; : Ao Br By D, Dg Fo Fy Fe Gs Gi 
Loss; : Ae Bs Bg Be Cz Cu Ex Es Fr Pr 
Li42; : Ao C; Cy D2 Ds De E; En Fi Fs 
Less 1 Me Be Bu Go Co Co Dy Do G: G- 


Then the group E = F corresponds to the permutations: 
E = {1, (BDG)(CEF), (BGD)(CFE), (BC)(DF)(EG), 
(BE)(CD)(FG), (BF)(CG)(DE)}. 
Let us choose B, as Po and Lo,2; as Jo. Then Ko is L,A?, Qo is Ao, and: 


D = {1, A*, A‘, (BC)(DF)(EG)A, (BC)(DF)(EG)A*, (BE)(CD)(FG)A'®, 
(BE)(CD)(FG)A"™, (BF)(CG)(DE)A’, (BF)(CG)(DE)A‘}, 
Ds = {A?, A’, A'°, A} ‘ E. 


Every element of G can be represented in the form eA*, where e¢ is in E. Let 
\ be the automorphism eA* — eA; then EX = E, d-'d is in D if d is in D 
and d,~'d is in Dg if do is in Dy. So (see above) the plane is self-dual. 

This plane has some further interesting properties, some of which we will 
mention. Each one of the following sets of three points is on a line, and it 
is easy to see that the whole set of seven points, together with the seven 
lines joining them, forms a subplane of order two: 


A;As Bo; Ai A; Dz; AzAsy Gs; By D2G¢; A; Diu Ge; A» Bo Dui; Ay D, Dy. 


Since no element of G fixes all of the seven points, this means that there 
are at least 78 distinct subplanes of order two and every point of the plane 
is in at least four subplanes of order two. 

The duality T given above has 22 absolute points (i.e., points on their 
image line): A, As, As, Az, Bo, Bs, Bro, C2, Ca, Cro, . . - , Ge, Ga, Gio. The 
line L,A® contains two absolute points A;, As, while L,A contains four absolute 
points A,, Bz, Ds, Gio. Thus the duality is not ‘“‘regular,”’ giving a negative 
answer to a question raised by Baer (1). 

Finally, x contains “‘ovals’’; i.e., sets of ten points, no three of which are 
on a line. An example of one is the set of points: 


Ao, Ai, As, Az, Bs, Cs, Cs, Ds, Ds, Ex. 


The oval given above even has the strong property that there is another 
duality of the plane (distinct from T) whose absolute points are exactly 
the points of the oval (the duality can, in fact, be constructed from the oval). 
Hence the collineation group of the plane consists of more than the 78 coll- 
neations given above; for if 7, and T, are dualities of any projective plane, 
then 7,7, is a collineation of the plane. The author has not been able to 
determine the full collineation group of the plane given above. 
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4. Coordinate rings. We shall use the planar ternary ring coordinatizing a 
projective plane to derive some more properties of the class of planes con- 
structed in § 2; in particular, we shall show that these planes are all non- 
Desarguesian, and cannot be coordinatized by Veblen-Wedderburn systems. 
The particular formulation of the ternary ring will follow the lines of (3), 
but we briefly review the basic idea, which differs a bit from Hall's technique 
in (2). In (4) will also be found a good deal of material on these ternary 
rings. R is a nonempty set containing at least the two distinct elements 0 
and 1, and points are symbols (x, y), (m), (@), where m, x, y € R, and @ is 
a symbol not in R; lines are symbols [m, k], [~, (k, 0)], L.., where m, k € R. 
A ternary operation F is defined so that (x, y) is on [m, k] if and only if 
F(m,x,y) = k; the other rules of incidence are: (x,y) is on [@, (x, 0)], 
(m) is on [m,k] and L., (@) is on [~, (k,0)] and L.. Then the ternary 
function F satisfies certain axioms, which will be found in (2, 3; 4). Addition 
is defined by a + 6 = F(1, a, b) and multiplication by a - b = ab = F(a, b, 0); 
the ring is called linear if F(a, b,c) = ab + c for all a, b, c € R. It is well 
known that every planar ternary ring for a Desarguesian plane is an associative 
division ring, and, in particular, is linear. 

Throughout the rest of this section let + be a projective plane of order 
p*", constructed from the left near-field R, as in § 2. We shall coordinatize x 
so as to construct one of its planar ternary rings, and in what follows, the 
ordered triples have the same meaning as in § 2. Let (@) be (0,0, 1); (0) be 
(1,0,0); (0,0) be (0,1,0); and let (1) be (1,0, — 1). The x-axis, y-axis, 
and Le are then all lines of the form L,A*, and, in particular, they are 
respectively z = 0, x = 0, and y = 0. The points on the y-axis are (in the 
old representation) all of the form (0, 1,¥v), so let (0, 1,7) be (0,v) in our 
new coordinate system. Every line through (1), or (1,0, — 1), is a line of 
the form x + yt + z = 0. The point (v,0) on the x-axis will be the point 
(u, 1,0) which is collinear with (1,0, — 1) and (0, 1,7); but (1,0, — 1) and 
(0, 1,v) are on the line L_, ifv ¢ F, whence u + 1(— v) + 0 = 0, or u = »v. 
Ifv € F, then it is immediate that u = v. So (v, 0) is (v, 1, 0). 

The point (m) will be the point on L,, which is collinear with (1, 1,0) and 
(0,1, m), and will be a point (1, 0, 7). Let xa + yb + 2c + (xa’+~yb'+c'z)t=0 
be the line joining (1, 1,0) and (0,1, m). Then: 


(1) a+b+(a’+)')t =0 
(2) b + mc + (b’ + mc’)t = 0. 
Since a, a’, b, b’ € F, (1) implies that either ¢ = 1 anda +a’ = — (6+ 0’), 


or t#1anda+b=a' +b) =0. If t=1, thena+a’' +v(c+c’) =0, 
and (2) becomes 


@ +a’'+(—m)(c+c’) =0; 


thus v = — m. If t #1, then a+ vc + (a’ + vc’)t = 0, and (2) becomes 
—a+mc+ (— a’ + mc’)t = 0, so again v = — m. Thus (m) is the point 
(1,0, — m). 
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Consider the point (u,v) which lies on the line J; joining (0,0, 1) and 
(u, 1,0) and on the line J, joining (1,0,0) and (0, 1,7). Then: 


(3) Jy: xa + yb + 2c + (xa’ + yb’ + 2c’)t = 0, 

Jo: xd + ye + 2f + (xd’ + ye’ + 2f’)s = 0, 
where 
(4) c+ecet=d+d's = uatb+ (ua + d')t =e+f + (e + f’)s = 0. 
Thus as before, ¢ = 1 and c = —c’, or t #1 and c =c’ = 0; similarly, 
s = 1 and d = —d’, or. s¥1 andd=d = 0. 


There are four cases to check, but all of them are easy. If t # 1, s #1, 
then it is a simple verification, using (4), that (u ,1, v) is on both of the lines 
J; and Jo. If t = s s# l, then Ji is 


x(a + a’) + y(b + 0’) = 0, 

where u(a + a’) + b+ 0’ = 0, so (u, 1, v) is on Jy. The line J, becomes 
ye + 2f + (ye’ + 2f’)s = 0, 

where e + vf + (e’ + of’)s = 0, so (u,1,v) is on Je. In all cases, we find 


that (u, 1, v) is on both J; and Js, so (u,v) is (u, 1, v). 
So we have: 


THEOREM 2. If x is coordinatized as above, then (u, v) is (u,1,v), (m) is 
(1,0, — m) and (@) is (0,0, 1). 


Now we shall investigate the ternary ring for x, where we use 7 (a, b, c) for 
the ternary operation, and leta @ b = T(1,a,b),a Ob = T(a, b, 0). In order 
to find the value of T(m, u, v), we consider the line L which contains (1, 0, —m) 
and (u,1,¥v), and let (0, 1, 2) be the intersection of L with the y-axis; then 
k = T(m,u,v). Let L be the line xa + yb + 2c + (xa’ + yb’ + 2c’)t = 0. 
Then: 

(5) a — mc + (a’ — mc’)t = 0 
(6) ua +b + 0c + (ua’ + Db’ + ve’)t 


THEOREM 3. For all a and b,a@®@b=a++b. 


ll 


0. 


Proof. Let m = 1 in (5). Then a — c + (a’ — c’)t = 0. So if ¢ = 1, we 
havea + a’ = c + c’,and (6) becomes u(a + a’) + (64+ 0’) + v(c +c’) = 0, 
or (u +v)(a + a’) + (6+ 0b’) = 0. But then the point (0,1,u+ 0) is on 
L.sok=u@v=u+. If t #1, then a = c anda’ = c’, and (6) becomes 


(u+tvyat+tb+ {[(ut+v)a’ + d’lt = 0, 
whence again (0,1,u +4) ison L,sou@®@v=u+v. 
THEOREM 4. The ternary ring (R,T) is not linear. 


Proof. Referring to (5) and (6), let m and u be arbitrary, u > 0, and let v 
be chosen so that k = T(m,u,v) = 0. Then (0, 1,0) is on L, sob + b’t = O. 
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Suppose ¢t = 1, whence b = — b’. Then (5) is a + a’ — m(c + c’) = 0, and 
(6) is 


u(a +a’) + v(c +c’) =0, 


and this implies u-'vy = —m, or um+v=0. Suppose ¢ #1, whence 
b = b’ = 0. Then (5) is a — mc + (a’ — mc’)t = 0, and (6) can be written 


a+ uve + (a’ + um've’)t = 0, 


and so again u~'y = — m, or um+v = 0. 

Now assume that (R,7) is linear. For arbitrary m and u, u #0, let 
p =m Ou. Then m Ou @ (— p) = T(m,u, — p) = 0, so by the above, 
um + (— p) = 0, or um = p = m Ou. Thus (R,T) is anti-isomorphic to 
the near-field R, and so (R,T) is itself a near-field. As pointed out earlier, 
a (finite) near-field plane possessing a collineation moving every point and 
line is necessarily Desarguesian. But + does possess such a collineation; it is 
obvious that A fixes no point or line of x. Hence (R,T) is a field, so R is also 
a field, and this is contradictory; thus (R,7J) cannot be linear. 


CoRLLOARY. The plane x is non-Desarguesian. 


Proof. See the proof of Theorem 4. Or note that every ternary ring for a 
Desarguesian plane is linear, whence by Theorem 4, x is not Desarguesian. 

Besides the class of projective planes given in this paper, all finite planes 
known at the present time are coordinatizable by ternary rings which are 
(at least) V-W systems. So, in a sense, the class of planes given here are the 
“‘weakest”’ finite planes known. Aside from having prime-power order, these 
planes share a much stronger property with the V-W system planes however: 
they can be voordinatized by a planar ternary ring whose addition forms an 
elementary abelian group, or equivalently, there is a complete set of mutually 
orthogonal latin squares associated with the plane which contains among its 
squares the Cayley table of an elementary abelian group. 

Other questions about the class of planes, which are answered in § 3 for 
the plane of order 9, include: are the planes self-dual and does there exist 
a collineation group G with the properties discussed in § 3? The automorphism 
groups of the near-fields used in this paper, with the exception of the one of 
order 9, are always too small to yield enough collineations to construct the 
group G. The author has checked a plane of the class, of order 25, and it does 
not possess such a group G of collineations. Finally, what other finite planes 
possess such a collineation group G? 
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TRANSITIVITIES IN PROJECTIVE PLANES 


T. G. OSTROM 


Introduction. A perspectivity in a projective plane is a collineation which 
leaves some line pointwise fixed. Baer (4) has considered the coordinatization 
of planes which admit certain groups of perspectivities. André (1;2;3) has 
made an extensive study of the Veblen-Wedderburn plane in terms of its 
perspectivities. The author has shown (7) that finite doubly transitive planes 
are Desarguesian if the number of points on a line is m + 1 where m is an odd 
non-square. 

In Part 1, we consider certain products of perspectivities. Our main results 
are certain uniqueness theorems for the group of permutations of points on a 
line induced by perspectivities. 

In Part 2, we consider the coordinatization of planes admitting two p—L 
transitive groups. (See definition in Part 1.) In various cases, depending 
upon the kinds of perspectivities and the relative location of the centers and 
axes, we obtain planes which can be coordinatized by various types of algebraic 
systems. 

In Part 3, we consider the exceptional cases not taken care of in the author's 
paper on double transitivity. We dispose of the case where nm is an odd power 
of 2. For all values of m, we show that transitivity on quadrangles implies 
that every quadrangle generates a Desarguesian subplane. 

In Part 4, we show that every finite plane contains Desarguesian con- 
figurations. 


1. Uniqueness theorems on perspectivities. 


Definition. A collineation which leaves fixed every line through some point 
pb (called the center) and every point on some line L (called the axis) is a 
perspectivity. 

We shall make use of the well-known fact that the above definition is 
redundant in the sense that if every line through ? is fixed then there is 
some line L such that every point on L is fixed (4). 


Definition. A perspectivity in which the center is on the axis will be called 
an elation. A perspectivity in which the center is not on the axis will be called 
a homology. 


Definition. Let = be the group of perspectivities with center p and axis L. 
Then, if 2 is transitive on the non-fixed points of each line through p, the plane 
is said to be p—L transitive. 
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LemMA 1. Let p and a be two homologies with the same center p, and let the 
axes of p and a intersect in some point q # p. Let r be any point on the line pq 


other than p or q. Then if r is fixed by po, po is a perspectivity with center p and 
axis qr. 


Proof. Since pe leaves every line through # fixed, po is a perspectivity with 
center p. Moreover, both g and r are fixed by pe. For a perspectivity all 
fixed points other than the center must lie on the axis. Hence gr is the axis of 
po. 


THEOREM 1. Let p and a be two homologies with the same center p, and let the 
axes of p and a intersect in some point q # p. If some point r (other than p or q) 
on the line pq has the same image r, under both p and a, then p and o produce 
the same permutation of points on the line rq. 


Proof. By Lemma 1, po~' leaves every point of rq fixed. 


COROLLARY. Suppose that the plane is p—L transitive, where p¢L. Let 
L, # L be some line through p intersecting L in some point q # p. Let p be a 
collineation fixing both p and q. Let = be the group of p—L perspectivities, and let 
G be the induced permutation group on the line pq. Then p~' = p induces an auto- 
morphism of G. 


Proof. lf r and r, are two points of the line pg, other than p or q, there is ex- 
actly one member of = (and hence of G) which carries r into r; (4). But p~'Zp is 
another transitive group of perspectivities with center p and some axis through 
q. It follows from Theorem 1 that the group G,; induced by p~'Zp is the same 


as G. 


LemMA 2. Let p and oa be two elations with the same center p. Let r be any 
point ~ p. Then if r is fixed by po, po is an elation with center p and axis rp. 


Proof. Since every line through p is fixed by pe, po is a perspectivity with 
center p. Let L be the axis of p. If the axis of po does not go through #, it con- 
tains some point g # p on L. The point g is a fixed point of p and pe, and 
hence is a fixed point of ¢. But the only fixed points of an elation are those 
on the axis. Thus pg = L is the axis of ¢. We conclude that the axis of po does 
go through p and pce is an elation. The lemma follows from the fact that the 
only fixed points of an elation are those on the axis. 


THEOREM 2. Let p and a be two elations with the same center p. If r — r, under 
both p and a, then p and o produce the same permutation of points on pr. 


COROLLARY. Suppose that the plane is p—L transitive, where p € L. Let L, # L 
be some line through p. Let p be a collineation fixing p and L,. Let = be the group 
of p—L perspectivities, and let G be the induced permutation group on L,. Then 
p~'Zp is an automorphism of G. 


a 
pt 
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THEOREM 3. Let p and a be two elations with the same center p but with different 
axes L and M. Then p and o are of the same period. 


Proof. Consider the elation pc. Points on L are permuted in cycles whose 
length is equal to the period of ¢ and points on M are permuted in cycles whose 
length is equal to the period of p. But the lengths of both of these cycles are 
equal to the period of po. (We are here using the fact that the non-fixed points 
of a perspectivity are all permuted in cycles of the same length. This in turn 
depends upon the fact that a perspectivity can have no fixed points off the 
axis, other than the center.) 


2. Perspectivities and coordinate systems. In this section, we shall be 
using Hall’s method (5) of coordinatizing a plane, in which the equation of a 
line is represented by a ternary operation y = x-mob. “‘Addition”’ and “multi- 
plication,”’ respectively, are defined in terms of the ternary by xm = x-mo() 
and x + 6 = x-1eb. It is not, in general, true that x-m°b = xm + b. If this 
identity holds, the coordinatization is said to be linear. 

We shall depart from our convention of using small letters for points and 
capital letters for lines to the extent that we shall use “‘A’’ to indicate the 
center of the pencil x = constant, and “B”’ for the center of the pencil y = 
constant. 

Our purpose in this part is to consider the coordinate systems which arise 
(with the proper choice of the quadrangle of reference) in various cases in 
which the plane admits two p-L transitive groups. We shall refer to some of 
Baer’s results on p-L transitivity (4). Baer’s method of coordinatization is 
different from that of Hall; however, they amount to the same thing ifa-1 = a 
in Baer’s system or a-(— 1) = —a in Hall’s system. By and large, the 
same methods apply in both cases, so we shall apply some of Baer’s results to 
Hall’s system without further explanation. 

For convenience, we include the definition of the more common coordinatiz- 
ing algebras, and some theorems already known. 


Definition. An algebraic system consisting of two binary operations, addition 
and multiplication, is called a Veblen-Wedderburn system, or quasifield, if it 
satisfies the following conditions: 

1. Addition is an Abelian group. 
(6 + cla = ba + ca. 
a-0 =0-a=0. 
l-a =a-l =a. 
ay = b has a unique solution y if a # 0. 
6. —xb + xa = c has a unique solution x if a # b. 
The system is called a nearfield if 
7. Multiplication is associative. 
If condition 2 is replaced by the other distributive law, a(b + c) = ab + ac, 
with corresponding interchange of right and left multiplication in 5 and 6, 


> or & W bo 
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we shall call the system a dual Veblen-Wedderburn system or dual nearfield 
as is appropriate. 


Definition. A plane which can be coordinatized by a Veblen-Wedderburn 
system with x-meb = xm + b is a Veblen-Wedderburn plane. 

It is well known that the dual of a Veblen-Wedderburn plane can be co- 
ordinatized by a dual Veblen-Wedderburn system. 


Definition. A pair of points p and g on the line at infinity of a Veblen-Wedder- 
burn plane is said to be admissible if the plane is p—L transitive for some line 
L through g, where L # L,. 


THEOREM 4 (André (3)). There are exactly the following possibilities for the 

set Z of all admissible pairs of points of a Veblen-Wedderburn plane rx: 
I. Z ts empty. 

II. Z consists of exactly one pair (p,p). In this case, x is a plane over a dis- 
tributive quasifield, which is not a left alternative field. 

III. Z consists of all pairs (p,p) on L,. In this case, x is a plane over a left 
alternative field which is not a skewfield. 

IV. Z consists of exactly two pairs (p,q) and (q, p) with q # p. In this case, 
x 1s a plane over a near field which contains more than 9 elements and is not a 
skewfield. 

V. For each p on L,, there exists one q # p such that (p,q) and (q, p) belong 
to Z. In this case, x is the plane over the nearfield of order 9. 

VI. Z consists of all pairs of points on L,,. In this case, x is Desarguesian. 


THEOREM 5 (Baer (4)). If the plane is A-L,, transitive, then (i) addition is a 
group and (ii) the coordinatization is linear. 


THEOREM 6 (Pickert (9)). If the plane is B — (x = 0) transitive, then (i) 
multiplication is associative and (ii) the coordinatization is linear. 


In each of the remaining theorems of this section, it is to be understood 
that the plane is », — L;, transitive and also ». — Lz transitive. It is also to 
be understood that ); is different from 2 and L; is different from L- unless 
equality is specifically indicated. 


THEOREM 7. Jf L, = Lz = L and both p, and pz are on L, the plane is a 
Veblen-Wedderburn plane with L as the line at infinity. 


Proof. By (4, Lemma 3.2), the plane is » — L transitive for every point 
pb on L. This implies that the plane is a Veblen-Wedderburn plane. See (1). 


THEOREM 8. If p; is on L, and pz is the intersection of L, and Lz, the plane 


can be coordinatized by a distributive quasifield. 


Proof. By the use of the p. — Ly» transitivity, p: can be carried into any 
point on L, except p2. Hence, by Theorem 7, we have a Veblen-Wedderburn 
plane with L,; as L,.. Theorem 8 then follows from Theorem 4. 
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THEOREM 9. If pi = p2 = p, Li goes through p and Lz does not go through 
p, then the plane can be coordinatized by a nearfield. 


Proof. Take p = A, L; = L,, and L: = (y = 0). Then, by Theorem 5, the 
coordinatization is linear and addition is a group. Now consider the A — (y=0) 
perspectivity which carries the point (0,1) into (0,a). Since B is fixed, 
y = 1— y = a. Since every line through A is fixed, the x coordinate of every 
point is unchanged. In particular, 


(1,1) — (1, @). 


Hence y = x — y = xa. It follows that (c,c) — (c,ca) and y = c—> y = ca. 
Thus, the right multiplications are isomorphic to the group of A — (y = 0) 
perspectivities, and multiplication by non-zero elements is associative. Now, 
if (1) indicates the point at infinity corresponding to slope 1 and (a) the point 
at infinity corresponding to slope a, we have 


(1) — (a); moreover, (0, b) — (0, ba). 


Hence, y = x + b— y = xa + ba. But (c, c + b) — (c, (c + 5) a). The latter 
point must be on the line y = xa + ba. Hence (c + b)a = ca + ba. 

André (1, Theorem 13) has shown that addition is abelian if all of the other 
properties of a Veblen-Wedderburn system are satisfied. Properties 3, 4, 5 
and 6 of a Veblen-Wedderburn system follow from the general properties of 
Hall's ternary and the theorem follows. Baer (4) has given the proof for the 
dual of this case. 


THEOREM 10. Jf p; is on both L, and Lz and py» is on Lz and if we take p; = A, 
be = B, L. = (x = 0), we have (i) the coordinatization is linear (ii) addition 
forms a group and (iii) multiplication is associative. 


Proof. Follows from Theorems 5 and 6. 


‘,HEOREM IL. Jf p; and pz are on Ly, but Lz does not go through p, or po, then 
the plane can be coordinatized by a nearfield. 


Proof. Since p, is not fixed by the p2 — Lz perspectivities, there are other 
points p on L, which are centers of p — L, transitivities. It follows from 
Theorem 7 that the plane is a Veblen-Wedderburn plane with L, as L,,. 
If we take p2 = Band L: = (x = 0), multiplication is associative by Theorem 
6. 


THEOREM 12. Jf p; 1s on Ly, neither p; nor p2 is on Le, and pz» is not on Lo, 
then the plane is Desarguesian. 


Proof. By the p, — Ly perspectivities, 2 can be carried into any point on 
the line p; p2 except pi. By the p. — Le perspectivities, p, can be carried 
into any point on p; pe, excepting 2 and the point on L». It follows that the 
group of collineations is transitive on points of p; 2 and every point on 
pi p2 is the center of two p — L transitive groups. One of these is a group of 
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elations and the other is a group of homologies. If we take any point on 
Pi P2 as the point » in Theorem 9, we see that we have a nearfield plane. 
If r is the intersection of ZL; and Lz, the line pr will be our line at infinity. 
The existence of collineations moving the line at infinity implies the other 
distributive law (1, Theorem 18). 


THEOREM 13. Jf L; = Lz. = L and neither p, nor pz is on L, the plane can be 
coordinatized by a dual nearfield. 


Proof. Any point on the line ~; p2 (excepting the point on L) can be carried 
into any other point. André (2, Theorem 3) has shown that the group of 
elations with axis L is transitive on these points. That is, if g is the inter- 
section of p; p2 with L, the plane is g — L transitive. Our theorem then 
follows from the dual of Theorem 9. 


THEOREM 14. If p; is on Lz and pz ts on Ly, but p; is not on L; nor pz on Lo, 
then the plane can be coordinatized by a system in which 
(i) the coordinatization ts linear, 
(ii) multiplication is associative, 


(iii) a(c + 6) = ac + ab. 


Proof. Take L, as L,, p: as (0,0), p2 as B and L, as x = 0. Then (i) and 
(ii) are established by Theorem 6. Now, consider the p, — L; perspectivity 
which carries the line x = 1 into x = a. Since (0,0) is the center, each line 
y = xm is fixed, so that (1, m) — (a, am). Thus, the line y = m maps into 
y = am. But, since the line y = x is fixed, (m,m) — (am, am) and the line 
x=m—x = am. Now 

y=x+b->y=x+ ab. 


Therefore (c,c + 6) — (ac, ac + ab). But y => c+ b—- y = a(c + 5). Hence 
a(c + b) = ac + ab. 


THEOREM 15. If 1, po, ps are the vertices of a triangle in which Ly, L2, L; are 
the respective opposite sides and if the plane is p — L transitive with respect 
to each vertex and its opposite side, the plane can be coordinatized by a neofield, 
i.e., 

(i) x-mob = xm + b, 

(ii) multiplication is associative, 
(iii) alc + 6b) = ac + ab, 
(iv) (6+ c)a = ba+ ca. 


Proof. Take p; as (0,0), p2 as B, p3; as A. By Theorem 14, we have only to 
prove (iv). In the group of perspectivities with center A and axis y = 0, 
consider the perspectivity which carries y = 1 into y = a. Every line x = c 
is fixed, so (c, 1) — (c, a). Now, (0, 0) is fixed, so y = xc — y = xm for some 
m. The point (c, 1) is on y = xc~', so (c, a) is on y = xm. Thus a = cm and 
m = ca so that (c~') — (ca). 


fix 
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In particular, consider y = x + c, which goes through the point (1) and the 
fixed point (— c, 0). Its image must go through (a) and (— c, 0). Thus 
yextec—my=xat+aca. 
Therefore (6, b + c) — (6, ba + ca). But y = b+ c¢—y = (6+ c)a. Hence 
ba + ca = (b+ c)a. 
We note here that Hughes (6) has used different groups of collineations to 
obtain coordinatinizations like those in Theorems 10, 14, and 15. 


THEOREM 16. If p; is not on L, and pz is not on Lz and either (i) pz is on 
L, but p; ts not on Lz or (ii) p: is not on Lo, pg is not on L, and p, and pf: are 
not collinear with the intersection r of L, with Le, then the plane is Desarguesian. 


Proof. (i) Note that L, is fixed by both the p, — L; perspectivities and the 
pb. — L2 perspectivities. The points on p; 2 (excepting 2) are transitive under 
collineations which leave L, fixed. Hence each point p # p2 on p; ps» is the 
center of a p — L; transitive group. This implies (2, Theorem 3) that the 
plane is p, — Lz» transitive. 

By Theorem 9, if we take p2 = A, L; = L,, Lz = (y = 0) the plane will 
be coordinatized by a nearfield. If we take the line p; 2 as x = 0, the plane 
will be (0,0) — L, transitive. By methods similar to those which have been 
used in other proofs, it can be shown that the (0,0) — L,, perspectivity which 
carries (1, 1) into (a, a) carries y = c into y = ac and x = ¢ into x = ac and 
finally, that a(c + 6) = ac + ab. Hence, the coordinatizing algebra is a field. 

(ii) If neither ; nor p2 is on L, or Lz and r is the intersection of L; and 
L2, the p; — L,; and p2 — Lz perspectivities generate a group which is doubly 
transitive on the points of p; p2 and leaves r fixed. Hence, for every pair of 
points g and s on p; p2 (q # s), the plane is g — sr transitive. Hence, keeping 
s fixed and varying gq, the plane is s — sr transitive for each s on p; p2 (2, 
Theorem 3). Taking s as the point p in Theorem 9, the plane can be co- 
ordinatized by a nearfield with sr as L,. But sr is not fixed, so the nearfield 
must be a field. 

The above theorems characterize the various types of planes uniquely in 
the sense that any plane coordinatized by the algebra appropriate to each 
theorem will have the corresponding » — L transitivities. If we include the 
cases dual to those considered here, we have taken care of all cases of pairs of 
pb — L transitivities except the following two: 

I. Neither p; nor p2 is on L, or Lz but the line p; p2 goes through the inter- 
section of L, and Ly». 

II. p: is on L; and p2 is on Le with p; ¥ po and L; # Ls. 

3. Multiple transitivity. 


¢ 
THEOREM 17. Let x be a finite projective plane with n + 1 points on a line. 


Then if n is an odd power of two and the plane is doubly transitive, x is Desar- 
guesian., 











396 T. G. OSTROM 


Proof. \f « is doubly transitive and not of square order, there is a perspec- 
tivity of period two (involution) with some center p and axis L, where p € L 
for m even (7). If g ¢ L and gq; # L the existence of a collineation which fixes 
p and carries g into q, implies the existence of an involution with center /, 
axis pq:. Thus every line through ? is an axis of a perspectivity of period two 
with center p. Now, by Lemma 2, the product of two elations with the same 
center p is an elation with center ». By Theorem 3, all elations with the same 
center are of the same period. Hence the product of two involutions with 
center p is an involution with center /, all axes going through p, since n is 
even. 

Thus the involutions with center » form a group whose order is a power of 
2. The involutions with center p and any given axis through p form a sub- 
group. Let 2’ be the order of the group with center p, 2° the order of the group 
with center », any given axis. Then, since there are m + 1 lines through /, 


(mn + 1) (28 — 1) + 1 = 2’, 2° a + 2° — n = 2’, 
where r > s. Thus 2° must divide n. Suppose n = 2*+'. Then 


Q2s+t + 98 — Qs = 2° 3+ + 1 — 2! —_— \r—s 


Now, since 7 > s, the right-hand side is even and the !eft-hand side is odd 
unless ¢ = 0. If such be the case, m = 2°. Thus the order of the group of in- 
volutions with center p, fixed axis through p, is equal to m. Hence we have 
b — L transitivity for every line L through p. This is true for every point 
in the plane. This implies projective satisfaction of the Minor Theorem of 
Desargues. Since the plane is finite, it must then be Desarguesian. 


THEOREM 18. If n is an odd power of two, and the plane is doubly transitive 
for points not on the line L,,, it is a Veblen-Wedderburn plane. 


Proof. Unless L,, is fixed by all collineations, the plane is doubly transitive 
for all points and we can apply Theorem 17. Suppose L,, is fixed by every 
collineation of the plane. Now the double transitivity implies the existence of 
perspectivities of period 2. If L,, is the axis of one of these involutions, any two 
points can be interchanged by an involution with L, as axis. Thus finite 
points are transitive under elations with L,, as axis (‘‘translations’’), and the 
plane is Veblen-Wedderburn (1). 

If L,, is not the axis of any of these involutions, their centers must be on 
L,, if L,, is to be fixed by all collineations. The plane will be transitive on 
finite lines, so every finite line is the axis of an involution. Let p be any point 
on L and let g be any finite point. Each involution which interchanges g with 
a point on the line pg must have p as center. (The double transitivity implies 
that every pair of finite points can be interchanged by a perspectivity of 
order two.) Moreover, p is the center of the involution with axis pg, since our 
involutions are elations. Corresponding to the finite lines through p, there 
are at least » involutions with center p. 
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Now, let r # p be some point on L,.. Since r has only possible images 
(including itself) under involutions with center p, either r is fixed by some 
involution with center p or at least two of them interchange r with the same 
point. We are dealing with elations, so that the only fixed points are on the 
axes. Thus if 7 is fixed by some involution, L., is the axis of that involution. 
We have already noted that the product of two involutions with center p 
is an involution with center p. In the case where two involutions interchange 
r with the same point, the product of these two involutions is an involution 
fixing r. In every case, we are led to an involution with L,, as axis. We have 
already remarked that this is sufficient to establish the theorem. 

Now, every collineation of period two either is a perspectivity or leaves 
fixed all of the points of a subplane of order n!. The author's proof that doubly 
transitive planes are Desarguesia:: fails only in the case that no collineation of 
period two is perspectivity. Thus (even if ” is a square) if m is odd or a power 
of two and the plane is doubly transitive, it is Desarguesian unless ever, 
collineation of period two leaves a subplane of order n! pointwise fixed. 


Definition. A plane which contains no proper subplanes will be called a 
minimal plane. 


THEOREM 19. Jf the plane x is finite and is transitive on proper quadrangles, 
then every quadrangle generates a Desarguesian subplane of prime order wu, 
where up divides n orn — 1. 


Proof. lf x is finite, it certainly contains minimal subplanes. The key to our 
argument is the fact that two minimal subplanes cannot share a quadrangle. 
Let x2 be a minimal subplane of x. Any collineation of # which carries a quad- 
rangle of m, into a quadrangle of x, is also a collineation of 7;. Hence m is 
transitive on quadrangles and is doubly transitive. If the order of , is odd, 
m, is Desarguesian. If the order u of mr; is even, 7 will be Desarguesian if u 
is a power of 2. Now m; admits perspectivities of period two. But if u« is even 
this implies that +2 contains a Fano subplane (8). Thus if u is even, u is equal 
to 2. 

Clearly, every quadrangle will generate a subplane of order » and since 
r, is a minimal Desarguesian plane, u is a prime. 

Now consider three fixed points p, g, and 7 on a line L and a line L; # L 
through p. Let s # p be a fixed point on L,. There will be m — 1 quadrangles 
such that g and r are diagonal points, s is one vertex and L, is one side. The 
points p, g, and r will be in the minimal subplane generated by any one of 
these quadrangles. These quadrangles will occur in subsets with » — 1 in 
each subset, those in the same subset belonging to the same minimal subplane. 
Hence » — 1 divides m —_,1. Similarly, if we allow s to vary, }u(u — 1) divides 
kn(n — 1). Since yu is prime, pu divides m or n — 1. ¢ 

Furthermore, there are (mn? + » + 1) (m? + m) n® (m — 1)* ordered quad- 
rangles in r and 


(uw? + wu + 1) (wu? + ws) w? (uw — 1)? 
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ordered quadrangles in each minimal subplane. Hence 
(u? + w + 1) (wu? + wp) w? (uw — 1)? 


divides (m* + nm + 1) (m* + mn) nm? (m — 1)*. If we consider the class of quad- 
rangles containing some fixed point, we get by a similar argument that 
(u? + uw) uw? (u — 1)? divides (nm? + n) n? (mn — 1)?. 


4. The existence of Desarguesian configurations. 


THEOREM 20. In a finite projective plane, let L;, L2 and Ly be three distinct 
lines through a point p. Let r and s be any two points not on L,, Lz or L;. Consider 
the set of triangles with one vertex each on L,, L2, and Ls, one side going through 
r and the other side going through s. At least one pair of triangles of this set 
satisfies Desargues’s Theorem. 


Proof. Let L,, L2, and Ls respectively intersect the line rs in the points 
ty, ta, and ts. Let Ai, A», and A; be the vertices of a triangle such that A, is on 
L,, Az is on Le, and A; is on L3. Let these points be chosen so that the line 
A, A; goes through r and A; A; goes through s. Az may be any point on L, 
except p or ta. Hence there are m — 1 such triangles. 

Now the line A, A; cannot intersect rs in ¢; or ts. Neither can A; A; go 
through r or s. Hence there are at most (m + 1) — 4 = nm — 3 possible points 
in which A; A; can intersect rs. Since there are m — 1 such triangles, there 
must be a pair of triangles A; A: A; and A,’ A?’ A;’ such that A; A; and 
A,’ A;’ intersect in a point on rs. The triangles A; A> A; and A,’ Ao’ A;’ 
then satisfy Desargues’s Theorem. 

A similar theorem can be proved forr = ¢; s = t, if Fano’s configuration does 
not exist in the plane. 


Added in proof. Since submitting this paper, the author has received com- 
munications from A. Wagner which make Theorems 17 and 19 outmoded. 
Wagner has shown that (1) double transitivity implies that the plane is 
Desarguesian provided only that m is even, and (2) without regard to restric- 
tions on #, transitivity on quadrangles implies that the plane is Desarguesian. 
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DEDEKIND COMPLETENESS AND A FIXED-POINT 
THEOREM 


E. S. WOLK 


1. Introduction. McShane (5, 6) has introduced the concept of ‘‘ Dedekind 
completeness” for partially ordered sets, which seems to be a natural general- 
ization of the usual concept of completeness for lattices. It is the purpose of 
this paper to discuss some of the properties of Dedekind completeness, par- 
ticularly with respect to a rather natural class of partially ordered sets which 
we call ‘“uniform.’’ Among our results we obtain an analogue of MacNeille’s 
“completion by cuts.’’ We also extend the well-known fixed-point theorem, 
due to Tarski (7), and then generalize the characterization of a complete 
lattice due to Davis (3). 


2. Dedekind completeness. Let P be a partially ordered set (poset) with 
respect to a relation <. We assume that P has a greatest element J and a least 
element O. 


DEFINITION 1. We say that a set S C P is up-directed if and only if for 
each a € S, 6 € S, there exists c € S with a < c, b < c. Dually, S is down- 
directed if and only if for each a € S, b € S, there exists c € S with c <a, 
c<b. 


Thus, any subset of P which has a greatest e'ement is up-directed, and 
dually. The following definition is essentially that of McShane. 


DEFINITION 2. A poset P is Dedekind complete if and only if every up- 
directed subset of P has a least upper bound in P and every down-directed 
subset has a greatest lower bound in P. 


Example 1. It is clear that the concepts of Dedekind completeness and 
ordinary completeness coincide if P is a lattice. A simple example of a Dede- 
kind complete poset, which is not a lattice, is provided by the set C of all 
closed disks in the Euclidean plane £2, partially ordered by set inclusion, 
and with O and J elements adjoined. To show that C is Dedekind complete, 
let A be an up-directed subset of C, and let 


X = {x|x € E,and x € a for somea € A}. 


If X is an unbounded subset of E2, then clearly |. u. b. (A) = J. If X is bounded 
choose two points x and y in the closure of X such that the distance from 
x to y is equal to the diameter of X. Let m be a closed disk with the line seg- 
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ment connecting x and y as its diameter. Straightforward arguments then 
show that 
(i) no point of X is exterior to m, and 
(ii) every interior point of m is a point of X. Thus m = |. u. b. (A). The 
obvious dual argument will then show that any down-directed subset of C 
has a g. I. b. 
If A CP, let 


A* = {x|x € Pandx >a for all a € A}, 
At = {xlx € P and x <a for alla € A}. 


We shall write A** for the set (A*)*+. We shall make important use of the 
following concept: 


DEFINITION 3. A poset P is uniform if and only if A* is a down-directed 
set for every up-directed subset A, and dually, B+ is up-directed for every 
down-directed subset B. 

Any lattice is obviously a uniform poset. As an example of a uniform poset, 
which is not a lattice and not Dedekind complete, we may take the set of all 
closed disks in the plane with rational radii, partially ordered by set inclusion, 
and with O and J elements adjoined. 

We have the following trivial lemma: 


LEMMA 1. A uniform poset P is Dedekind complete if and only if every up- 
directed subset of P has a \.u.b. in P (or every down-directed subset of P has a 
g. 1. b. in P). 


We shall also use a strong form of Zorn’s lemma due to Bourbaki (2): 


LemMA (Bourbaki). Jf every well-ordered chain in a poset S has an upper 
bound in S, then S has a maximal element. 


As a consequence of the above lemma the reader may easily deduce 


LemMA 2. If Z is any chain in a poset P, then there exists a well-ordered 
chain C C Z with C* = Z2*. 


We now have the following theorem: 


THEOREM 1. A poset P is Dedekind complete if and only if P is uniform and 
every well-ordered chain in P has a |. u. b. 


Proof. \f P is Dedekind complete, and S is up-directed in P, then S* has a 
least element and hence is down-directed. The obvious dual statement also 
holds: thus P is uniform‘and the conclusion follows. Conversely, let P be 
uniform and suppose that every well-ordered chain in P has a I. u. b. Let A 
be any down-directed subset of P, and let Z be a maximal chain in At. We 
assert that Z has al. u. b., m, for otherwise Lemma 2 would provide us with a 
contradicticn of our hypothesis. If a € A, we have a >2 for all z € Z; 
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hence a > m and m € A?*. By maximality of Z, m is a maximal element of 
A+. We assert that m is the greatest element of A+. For suppose that there 
exists c € A+ with c > m. Since A* is up-directed, there exists x € A* with 
x > m, x > c, contradicting the maximality of m. Thus m = g. |. b. (A), and 
P is Dedekind complete by Lemma 1. 

As a corollary we have the following known result, for which a proof seems 
to have thus far been lacking in the literature: 


CorROLLARY. A lattice L is complete if and only if every well-ordered chain 
in L has al. u. b. 


Let us call a chain Z in P inversely well-ordered if and only if every subset 
of Z has a greatest element. We then have obvious dual formulations of Lemma 
2 and Theorem 1. We shall also need the following lemma, which extends a 
result of Davis (3, Lemma 1, p. 311); our proof of it becomes trivial by em- 
ploying Zorn’s lemma (rather than transfinite induction as in (3)): 


LemMA 3. Let P be a uniform poset, and let Z be an inversely well-ordered 
chain in P with no g.\.b.in P. Then there exists a well-ordered chain Y in 
P such that 

(i) y € Y implies y < z for alls © Z, and 

(ii) Y* (\ Z* ts empty. 


Proof. Z* is up-directed, by our hypothesis of uniformity; hence Z*+ has no 
maximal elements. Then by the lemma of Bourbaki there exists a well-ordered 
chain Y in Z* such that Y* ()\ Z* is empty. 


3. Imbedding of a uniform poset in a Dedekind complete poset. We 
shall now obtain an analogue of MacNeille’s well-known imbedding of a 
poset in a complete lattice (4; also see 1, p. 58). 


DEFINITION 4. A subset J of a poset P is a normal ideal in P (‘‘closed 
ideal” in the terminology of Birkhoff) if and only if J*+ = J. A subset of P 
of the form 

Je = {x\x Pandx <a! 


is called a principal ideal. 


LEMMA 4. A subset of P is a normal ideal if and only if it is the intersection 
of a set of principal ideals (cf. 1; p. 62, problem 4). 


Proof. Let S C P and let 
A = flJ,. 


reS 
Then A = S*. In general we have S C S**; hence S*+ 5 (S**)+, or A D A*?*. 
Since in general A C A**, it follows that A is a normal ideal. Conversely, if 
A is a normal ideal in P, then 
A= (A4*)* = NJ, 
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For uniform posets we now have another characterization of Dedekind com- 
pleteness, which generalizes a known result for complete lattices (1; p. 59, 
exercise 2): 

THEOREM 2. A uniform poset P is Dedekind complete if and only if every up- 
directed normal ideal in P is principal. 


Proof. Let P be Dedekind complete, and let J be an up-directed normal ideal 
in P. Then J has al. u. b. m, and m € J*+ = J. It follows that J is principal. 
To prove the converse, let A be a down-directed subset of P. By Lemma 4, 


At=fJ, 


atA 
is a normal ideal, which by hypothesis is up-directed. Hence A+ has al. u. b., 
which is the g. 1. b. of A. Thus P is Dedekind complete by Lemma 1. 


Now let N(P) be the set of all up-directed normal ideals of P, partially 
ordered by inclusion. The correspondence x++J, is a one-to-one order- 
preserving mapping of P into a subset of N(P). Furthermore, we have 


THEOREM 3. If P is a uniform poset, then N(P) is Dedekind complete. 
Proof. Let = be an up-directed subset of N(P), and let 


A=UJ 


Jez 


(where U denotes set union). It is easily seen that A is an up-directed subset 
of P. Hence A* is down-directed, and A*+ is up-directed. Since A** is the 
smallest normal ideal containing A, we have A*+ = l.u.b. (2). Now let 
2 be a down-directed subset of N(P). We first show that 
B= UJ* 
JQ 

is a down-directed subset of P. Let a and b be arbitrary elements of B; then 
there exist J;, Je € Q with a € J,*, b € J,*. By our hypothesis on Q, there 
exists J; € Q with J; C Ji (\ Jo. Then J;* D (Ii 1\ J2)* D J* UJ.*. But 
J;* is down-directed, by uniformity of P: hence there exists c € J;* with 
¢ < a,c < b, and thus B is down-directed. Now let 


K=fN J. 


Je2 


But 
Ny=N st = (Us*)* = Be. 


J«2Q JQ J<«2 


Hence K is an up-directed normal ideal, and K = g. |. b. (Q). 


Example 2. Let P. be the set of all closed disks in thé plane with rational 
radii, ordered by inclusion. If z is an arbitrary closed disk in the plane, then 
the set 

S(z) = fala € PandaCz! 
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is an up-directed normal ideal in P; and conversely, the reader may verify 
that every such ideal is of the form S(z) for some disk z. Hence the ‘‘Dedekind 
completion’’ N(P) is isomorphic to the set of all closed disks in the plane. 


Example 3. If P is not uniform, then N(P) may fail to be Dedekind complete. 
We construct an example of such a poset P as follows. Let A = {a,,| 
(¢ = 1,2,...;7 = 1,2,...) be an infinite rectangular array, in which i 
denotes the column index, j the row index. We partially order A by defining 
4; < Gm, if and only if « < _m or j < m. We surmount this array with a 
sequence {z,} of mutually incomparable elements (with respect to our ordering) 
such that a,, < 2; for each i and each j. We adjoin two more incomparable 
elements x and y which are upper bounds for the set {z,}. We then let P be 
the set consisting of the array A = {a,,}, the set {z,}, the elements x and y, 
and O and J elements; and let P be partially ordered as described above. Thus 
we have a,, < 2 if and only if i < k. We see that A is an up-directed subset 
of P. (Note, however, that A**+ is the union of A and the set {z,}, and hence 
is not up-directed. Thus A** is not an element of N(P)). Hence 


> = {J,\a € A} 


is an up-directed subset of N(P). But the set =* contains J, and J, as minimal 
elements; hence = has no |. u. b. in N(P). 


4. The fixed-point theorem. If / is a function mapping a poset P into 
itself, we say that f is isotone if and only if x < y implies f(x) < f(y). x isa 
fixed-point of f if and only if x = f(x). For any isotone function f on P let us 
write H(f) = {x|x € P and x < f(x)}. 


DEFINITION 5. An isotone function f on a poset P is directable if and only 
if H(f) is an up-directed subset of P. 

The reader may verify that any isotone function on a lattice is directable. 
Thus the following theorem generalizes the fixed-point theorem of Tarski 


(7, Theorem 1): 


THEOREM 4. If every up-directed subset of a poset P has a\.u.b. in P, then 
every directable function on P has a fixed-point. 


Proof. Let f be a directable function on P and let u = 1. u. b. [H(f)]. We 
easily prove, precisely as in the proof of Theorem 1 of (7), that u is a fixed- 
point of f. We omit the details. 


We now obtain a generalization of the result of Davis (3, Theorem 2) : 


THEOREM 5. If every directable function on a uniform poset P has a fixed- 
point, then P is Dedekind complete. 


Proof. Assume P is not Dedekind complete. Applying the dual formulation 
of Theorem 1 and then Lemma 3, we infer that there exist two chains Y 
and Z in P such that 
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(i) Y is well-ordered and Z is inversely well-ordered, 
(ii) y € Y implies y < z for all z € Z, 
(iii) Y* (\ Z* is empty. 
We shall proceed to obtain a contradiction by defining a directable function 
f on P which has no fixed-points. We do this exactly as in (3, pp. 313-314). 
To define f(x») for an arbitrary x» © P we distinguish two cases: 


(1) x9 € Zt, (2) xo ¢ Zt. 


In case (1) we have xo ¢ Y*. Let YV(xo) = {yly Y and y > Xo}. V(x) 
has a least element yo, which we define as f(x»). In case (2), let Z(x9) = 
isig© Z and z < xo}. Z(xo) has a greatest element 2», which we define as 
f(x»). It is clear that f can have no fixed-points. The proof that / is isotone is 
identical with that in (3, p. 314): we therefore omit the details. It remains to 
show that f is directable. From our definition of f it is clear that x € H(f 
implies that f falls in case (1) above; i.e.,x © Z*. Also it isclear that Y C H(f). 
Now suppose that we have a © H(f), b © H(f). Then a < f(a), b < f(b), 
and f(a) € Y, f(b) € Y. Let c = max {f(qa), f(b)}. We have c >a, c>b, 


andc © H(f), thus completing the proof. 


Combining Theorems 4 and 5, we obtain the following characterization of 
Dedekind completeness: 


COROLLARY. A uniform poset P is Dedekind complete if and only uf every 
directable function on P has a fixed-point. 
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CYCLICALLY ORDERED SETS 
M. I. AISSEN 


Introduction. The classical separation theorems regarding the relative 
position of the zeros of two consecutive orthozonal polynomials, or of the 
positive zeros of two consecutive Bessel Functions, are well known. Less 
well known is a theorem of B6cher and Porter (1, p. 297), which states that 
the positive zeros of three consecutive Bessel Functions occur in cyclic order. 
This paper extends the result to symmetric orthogonal polynomials and more 
generally to sequences of functions satisfying a certain type of difference 
equation. The investigation arose in an attempt to prove a conjecture of 
Schoenberg (3) for which it was believed that knowledge of the zeros of 
polynomials generated by exp (x + tx*) would be helpful. This conjecture 
was proved by Edrei (2). 


1. Notation. By Z(A) we mean the number of elements in the set A. If 
A is not finite, we do not distinguish among different cardinals, and we 
write Z(A) = «. The elements of the various sets discussed are real numbers. 
Any term involving order such as ‘‘consecutive,”’ “‘least,’’ etc. refers to the 
natural order of the real numbers. We denote the empty set by ¢. 

If J is an interval, then we denote Z(A (\ J) by Z,;(A). The symbols /, 
J, I’, I,, J* always refer to intervals. The term interval is used in the wide 
sense and includes those which are open or closed at either end and which 
may be finite, semi-infinite, or infinite. The symbol & always refers to some 
fixed but unspecified integer greater than one. 


2.Cyclically ordered sets. Let a; < a: <... < dy be N real numbers. 
We consider the sets E, uw = 1,2...k, such thata, © E, if and only ifm =u 
(mod k). The finite sets E, are examples of cyclically ordered sets. If0 < N <k, 
some or all of the sets will be empty. We state without proof some of the pro- 
perties of the sets E,. Let E denote U, E,: 
(i) EL, VE, = 4, AAu 
(ii) Any k consecutive elements of E include one from each of the sets E,. 
(iii) If Z(E,) = 0 for some A, Z(E,) < 1 for all x. 
(iv) |Z(E,) — Z(E,)| < 1 for all \ and gu. 
(v) Between any two elements of £, there is an element of E, if \ ¥ uz. 
(vi) If £*, = E, (\I, where / isa fixed interval and E* = E (\I = U,E£,*, 
then the sets E*, and E* satisfy (i)—(v). 
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These properties are not independent. For example, (iii) is a consequence 
of either (iv) or (v). On the other hand (i), (ii), and (iii) imply (iv), (v), and 
(vi). We now formulate the following definition: 

Definition. We say that the k sets E,, Es, ... Ey are cyclically ordered (C-O) 
if and only if they satisfy the following conditions 

Cli: EA. NE, = ¢, h ¥ wu. 
C2: Z,(Ey) < Z,(E,) + 1 for all A, w and an arbitrary interval J. 


THEOREM 1. Let E;, Es,..., Ey be C-O. Let E*, = E,C\ J where J is a 


fixed interval. Then E*,, E*,,..., E*, are C-O. 


Proof. C1 is satisfied since E*, (\ E*, = Ey, KV E, OJ. 


C2 is satisfied since Z,;(/2*,) = Z,*(,) where for an arbitrary inter- 
val, J, = If\J. 


THEOREM 2. A necessary and sufficient condition that the sets E,, Es, ..., E, 
be C-O, is that each pair of sets Ey, E, (\ # mw) be C-O. 


Proof. The proof is immediate since Cl and C2 are required to hold for all 
pairs of sets Ey, E,. 


THEOREM 3. Let E;, Es,..., E, be C-O and let E = VU, E,. Then 
Z(E) < k = Z,(E,) < a 


Jor all u. In particular Z,(E) = k, > Z,(E,) = 1 for all u. 


Proof. By C1, 
Z)(E) => Z,(E,) . Z1(E\) > 1 => Z,(E,) > | 
“ 


for all wu by C2. Hence Z;(E,) > 1 => Z;(E) > kandthusZ,(£) < k = Z,(E,) 
< 1, all yw. 

Further, if Z,;(£,) = 0 for some \, Z;(E) < k. Hence Z;(E) = k => Z,(E,) 
= | for all x. 


3. The principal thecrem. Historically, cyclically ordered sets have been 
studied only in the case, k = 2 (except for the theorem of Bécher-Porter), in 
which case the sets involved are said to be separated. In many cases the sets 
are zeros of appropriate continuous functions which are related by a linear 
difference equation of the second order. The functional equation is used to 
determine the sign of the functions at critical points and the Darboux property 
of continuous functions is then invoked to show that one function vanishes 
in some interval. It is rather curious that in such cases the method is used 
only to show that pairs of sets are C-O, since it can usually be used to show 
that three sets are C-O. This can be generalized to the case of certain kth 
order linear difference equations in which case k + 1 sets will be C-O. 
More precisely we have Theorem 4. 
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Definition. Let f(x) be a continuous function in a < x < 6. We say that 
£ is an odd zero of f(x) in (a,b) if a < § < b and 


lim sgn f(é + 4) sgn f(é — h) = — 1. 
h—0 


THEOREM 4. Let {f,(x)}(m = 0,1,2,...) be a sequence of functions defined 
in an open interval (a,b). Let E,, F, be the sets of odd zeros and zeros of f,(x), 
respectively. The functions f,(x), and the sets E,, F,, satisfy forn = 0,1,2,...: 

(1) fase(x) = Gn(x) fate—1(x) — 5,(x) fy (x). 

(2) f,(x) is continuous in (a,b). 

(3) Z(F,) < [n/k] = u(n). 

(4) lim sgn f,(x) = + 1. 

sb 


(5) lim sgn f,(x) = (— 1)". 
zat 


(6) a,(x), b,(x) are continuous and positive in (a,b). 
Then: 

(a) n > m > k => max {E,} > max {E£,,}. 

(b) Z(E,) = p(n). 

) eee Enz are C-O forn = 0,1,2,.... 


Proof. For0 < N <k, Z(E,) < Z(F,) = 0. Since Fy is empty, fy(x) > 0 
in (a,b). By (2), (4), and (5), Z(E,) > 1 and hence by (3) Z(£,) = 1. There- 
fore (a), (b), and (c) are satisfied by the sets Eo, Ei,..., E,. We complete 
the proof by induction. 

We adopt the notation x(n,j) for the elements of E, (whenever E, is non- 
empty) with x(m,l) > x(m,2) >.... 

Let us assume that for some N > k, 

(a*) x(n,1) > x(m,1) fork <m <n 

(b*) Z(E,) = u(n) for0 <n < N, 

a 2 ae See E,+, are C-O, for0 <n < N— Rk. 

To complete the proof we must show that: 

(a’) x(N + 1,1) > x(N,1), 

(b’) Z(Eyai1) = w(N + 1), 

(c’) Ey k+ly En—1+2 .. +, Eyys are C-O. 

From (1) we obtain sgn fys:(x(N,1)) = — sgn fy—eyi(x(N,1)). But from (2), 
(4), (6), and (a*) we have sgn fy_2.41(x(N,1)) = + 1. Hence sgn fy4i(x(N,1) 
= — 1, and by (2) and (4) x(N + 1,1) > x(N,1), which proves (a’). 

In the remainder of the proof, m will denote an integer for which 
N —k <m < N. The symbol /(j) will denote the smallest interval (possibly 
empty or a single point) which contains x(m,j) for all such m. I(j) is closed. 
Let j be the smallest integer for which J(j) and J(j + 1) are not disjoint. Then 
there are two distinct values of m, say m’ and m”, for which x(m’,j + 1) 
> x(m", j). But this is impossible since the sets E,,, E,-» are C-O by (c*) 


and Theorem 2 and if x(m’,j7 + 1) = x(m",7), Cl is violated and if 


—< 
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ed 
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x(m’',j + 1) > x(m”, 7), C2 is violated in the closed interval [x(m’,j + 1), 
x(m’, 1)]. Hence the intervals 7(j)(j = 1, 2,...) are mutually disjoint. 
For fixed j, the points x(m, j) are monotonic with respect to m. Specifically 


x(N,j) > x(N —1,j) >.... This is clearly so for 7 = 1, by (a*). For 
j > 1, it is a consequence of Theorem 3 applied to the C-O sets { E,,}. 


Let F denote U,.E,. If kj < N the set F\/(j) has exactly k elements. 
The set J(u(N + 1)) has (N+ 1) — ku(N + 1) elements. 

Since by (c*) Ey and Ey4:-, are C-O, it follows that sgn fy(x(N — k+1,j) 
takes the values of + 1 alternately as j assumes consecutive integer values. 
This is because all the zeros of fy(x) are odd zeros and there is precisely one 
zero of fy(x) between consecutive zeros of fy_.:(x). We also know that 
sgn fy(x(N — k + 1,1)) = — 1. Hence we obtain sgn fy(x(N — k + 1,7) 
= (— 1)’. Similarly, sgn fy_.41(x(N,7)) = (— 1)’*'. Using (1) we then obtain 
sgn fy(x(N,7) = sgn (x(N — k + 1,7)) = (— 1)’. This means that at the 
extreme points of /(j), sgn fy4i(x) = (— 1)/ for 7 = 1,2,...,u(N). But the 
sets are disjoint. Hence between each consecutive pair of non-empty sets 
I(j), fw+i1(x) must have an odd zero. Also there is an odd zero between /(1) 
and 6. Thus fy4:(x) has at least u(N) zeros to the right of J(u(N)). We have 
already seen that J(j) is non-empty for j < w(N). If w(N) = w(N + 1) then 
by (3), Z(Ey41) = u(N 4+ 1). If w(NV) ¥ u(N 4+ 1), then the signs of 
fwai(x) at the extreme points of J(u(N)) and at (a + 0) are different and 
hence there is another odd zero between a and J(u(N)). Hence again 
Z(Ews1) = «(N + 1). Thus (b’) is proved and also since Ey; and J(j) is 
disjoint for every j7, we have that C1 is satisfied by E,, and Ey,, for all m in 
N-—-k<m<Nn. 

To prove (c’) it suffices because of Theorem 2 to show that E,, and Ey, 
are C-O. We have already established C1 for these sets and it remains 
only to establish C2. 

If C2 is not satisfied by E,, and Ey,;, there is some interval, J, in which 
Zs(Em) — Z;(Ewn+1)| > 1. Hence there must be a subinterval J’ in which 
one of Z,(E,,) and Z,(Ey+:) is 0 and the other is 2. 

If Z,(E,) = 2, J’ must intersect J(j) for two values of 7. But we have 
seen that between consecutive intervals ](j) there is a point of Ey,, and if 
Zy(Ew41) = 2, J’ must contain an interval J(j), since between consecutive 
intervals J(j) there is precisely one point of Ey,; by (3). 

Hence C2 is satisfied by Ey,;, and E,, for N — k < m < N and thus (c’ 
is proved. 


4. Applications of the principal theorem. Let {| ,(x)! denote 
sequence of orthonormal polynomials in an interval symmetric about th* 
origin, with respect to ‘an even non-negative weight function. We call such 
sequences “Symmetric orthonormal polynomials."* Then the well-known 
recurrence formula (4) specializes to 


Pn+i(x) = A,Xpp_(x) _ BaPn—1(X) (1 > 1) 
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where A,, B, are positive constants. For k = 2, the polynomials | ),(x)! 
satisfy the hypotheses of Theorem 5 in the interval (0, ©). To see this we 
note that (1) is satisfied since they satisfy the recursion formula. Since they 
are polynomials, they are continuous and (2) is satisfied. Condition 3 is 
satisfied since the zeros are symmetric about the origin. They satisfy (4 
since the normalization which asserts that A, > 0, implies that the coefficient 
of x" in p,(x) is positive. To show that (5) is satisfied we note that for n odd 
Sgn Ppii(0) = — sgn p,_1(0) # 0 and for m even 

Pn+i(*) 


sgn *“— 
x r=0 


n—1(X) 
— sgn Po-1 
x r=() 
Hence it is only necessary to verify (5) for m = 0, 1. But po(x) is a positive 
constant and p,(x) = ax where a > 0. 
Hence Theorem 4 applies and we have the following result: 


THEOREM 5. Let { p,(x)} be a sequence of symmetric orthonormal polynomials. 
Let P,, denote the set of positive zeros of p,(x). Then P,, Pysi, Pass are C-O 


Theorem 5 supplements the well-known fact that £,, £,,; are C-O where 
E, denotes the set of zeros of p,(x). We cannot expect E,, E,4:1, E,42 to be 
C-O, since C2 would be violated. Similarly we cannot expect P,, Py4:, 
Pata, Pars to be C-O. 

We mention here without proof that Theorem 5 could be proved independ- 
ently of Theorem 4, by using only the following well-known properties of 
symmetric orthonormal polynomials (4). 

(1) E,, Enzi are C-O. 

(2) If m > m, there is a point of E, in any open interval bounded by points 

of E,,. 

(3) E, is symmetric about zero. 

(4) Z(E,) = n. 

We now consider another example. Let p,(/, 2) = p, = p,(t) be defined 
by the generating function: 


(4.1) F(x,t) = exp(x + tx") = 2 Pn(tik)x". 


n=0 


As usual, k denotes some integer > |. Differentiating both sides of (4.1 
with respect to x we obtain 


(4.2) (1+ ktx*")Z pax" =>. np,x" 


If we equate coefficients we obtain 
(4.3) MPm = Pm—-i + ktpm;~ im>k. 


We wish to apply Theorem 4 to the sequence { p, (¢)} in the interval (— @, 0). 
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Now exp (x + tx*) = exp (x) exp (tx*) and hence 


es 
(4.4) pn (t) os ad 
where the summation is extended over all non-negative integers m, ¢ satisfying 
the indicated condition. 

This shows that p,(¢) is a polynomial of precise degree [n/k| with all 
coefficients positive. Hence conditions (2), (3), (4), (5) of Theorem 4 are 
satisfied. 

We use the following consequences of (4.4) in showing conditions (4) and 
(5) are satisfied. 


l 
p,\o) = n! 


[nm /h 


t 
Pa!) ~ Ce =k [n/k))! - [nJhl! 


as lj -—> @ 


Hence if E,, denotes the set of zeros of p,,(¢;:k) which are negative, the 
sets E., Eos: ,...-Eese ave CO. 

When k& = 2, this result can be interpreted in terms of the Hermite poly- 
nomials, H,,(x) defined by 


2 H(x) 2 
(4.5) =< w" = exp (2xw — w ). 
n=0 nN. 
Hence 
) %1 I 9 n 
H,(z) = 2"n!p,\ — i?) 
and if yi, ve,... are zeros of p,(y) then 


Z,=2vV 1/y 
are positive zeros of H, (x). Hence the sets of positive zeros of /7, (x), H,4:(x), 
H,42(x) are C-O. This was obtained earlier as a special case of the result 
concerning symmetric orthogonal polynomials. 


5. Further examples. We have already seen that the sets of three con- 
secutive Legendre polynomials are C-O. For fixed m > 2, let Q, Q’, Q” 
denote the sets of positive zeros of P,(x), P’,(x), P”,(x) respectively. We 
shall show that Q, Q’, Q” are C-O. The Legendre polynomials satisfy two 
important functional equations: 


(5.1) (m + 1)Paai(x) — (2n + 1)P,(x) + nP,-\(x) = 0; 
and 
(5.2) (1 — x*)P",(x) — 2uP’, (x) + n(n + 1)P,(x) = 0. 


¢ 
In Theorem 4, we used (5.1) to deduce sgn P,,;(x) at various critical 
points. Similarly, we may use (5.2) to deduce sgn P,,(x) at the zeros of P’, (x) 
and PP”, (x). 
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Forx€Q, sgn P’,(x) = sgn P”, (x). 
Forx€Q’, sgn P,(x) = — sgn P”, (x). 
Forx€Q”, sgn P,(x) = sgn P’,(x). 
Also since Q C (0,1), we have by the standard normalization, 
sgn P,(1) = sgn P’,(x) = sgn P”,(1) = 1. 


From (5.2) and the simplicity of the zeros of P,(x) it is clear that Q and Q” 
are disjoint. It remains only to verify C2. 

Let us assume an interval J for which Z,(Q) > Z,(Q’’) + 1. Then there 
is an interval J C J, such that 


Z1(Q) => 2 9 Z1(Q”) => 0. 
Since Q, Q’ are C-O, there is precisely one point of Q’ in J. Let x,, x2 be 
the two points of Q in J. Then sgn P’,(x,;) = — sgn P’,(x2), and hence 
sgn P’’,.(x:) = — sgn P”,(x2), and thus Z,(Q”’) > 1. But this is a contra- 


diction. Hence there is no interval J in which Z,(Q) > Z;(Q”’) + 1. Similarly 
there is no interval J in which Z,(Q’’) > Z,;(Q) + 1. Hence C2 is satisfied 
and Q, Q” are C-O. 
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CERTAIN GROUPS OF ORTHONORMAL STEP 
FUNCTIONS 


J. J. PRICE 


1. Introduction. It was first pointed out by Fine (2), that the Walsh 
functions are essentially the characters of a certain compact abelian group, 
namely the countable direct product of groups of order two. Later Chrestenson 
(1) considered characters of the direct product of cyclic groups of order a 
(a = 2,3,...). In general, his results show that the analytic properties of 
these generalized Walsh functions are basically the same as those of the 
ordinary Walsh functions. That this is the case does not seem surprising, since 
the structures of the underlying groups are quite similar. 

It is our purpose to show that a considerably different state of affairs 
prevails for characters of a direct product of finite cyclic groups whose orders 
are unbounded. We shall show by examples that for these functions, certain 
basic properties of the Walsh systems mentioned above no longer hold. 

The functions we shall study as well as the Walsh systems are included 
in a very general class of step functions discussed recently by Ohkuma (3). 
We shall quote some of his results. However, a number of his principal theorems 
are proved under special conditions which are not satisfied by the functions 
we shall consider. 

We shall have occasion to cite a number of properties of the Walsh functions. 
Unless otherwise stated, the reference for all of these is the fundamental 


paper of Fine (2). 


2. Definitions. Let {m,, m2, ...} be a sequence of integers, m; > 2, and let 
bo = 1, P, = myn2... ny. Denote by I(r, k) the interval r/p, < x < (r + 1)/p, 
and by x,“(x) the characteristic function of the set Uli, k) where j runs 


over all integers =r (mod ,). Let us define a system of functions 
{do(x), o:(x),...} as follows. 
pe—1 P : 
(1) dy-i1(x) = i wx, (x), as¢ (hoe 12...) 
r=) 


By definition, ¢,-;(x) is a step function whose values run through the m,th 
roots of unity. On the interval [0,1] there are p, intervals of constancy each 
of length 1/p;,. 

Now let V(m, m2, . .-.) be the set of all finite products of these functions. 
In particular, ¥(2,2,2, . . .) isthe system of Walsh furfctions and V(a, a,a, . . .) 
is the generalization of Chrestenson. 
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To enumerate our system we use a scheme based on Paley’s enumeration 


‘ . - eal : j 
of the Walsh functions. &very positive integer N can be expressed uniquely 
in the form ropo + rifi +... + TmPm Where 0 < ry < my41. Set ) 
(2) Yo(x) = 1, Wy (x) = bo" (xX)b17"'(X) . . . by (X). 

It is clear that Y(m,, m2, . . .) is an orthonormal system. That it is complete 


can be seen in several ways. For instance, the reasoning used by Fine in (2) 
shows that it is the full set of characters of the countable direct product of 
cyclic groups of order m, transferred to the unit interval in a measure-preserving 
manner. Or, one may invoke a general theorem of Ohkuma (3). 


3. Expansions of certain functions. In this section, we obtain the Fourier 
expansions of several functions with respect to the system W(m, mo, .. .). 


THEOREM 1. 


. 2] 1 
i< l 
x—[x]~h+D —D 7% oes’ (x). 
k=l tj=l @ — ] 
Proof. For every real value of x, x — [x] can be represented in the form 
: Ch fon 
, 0 Ss Cy < Ny . 


This representation is unique except when x is of the form m/p,. Now let 
¢$” (x) be the characteristic function of the set of all x for which ¢,_;(x) = w;,’. 
This set can also be described as U/(r,k) where the union is taken over all 
integers r = v (mod n,). Define 


ng—l 
(3) o(x) = >> w(x). 
Then, for every value of x, 
—~ C(x) 
(4) <— [x] = >> : F 
= », 


In the case that x = m/p,, (4) gives the finite representation of x — [x]. In 
all cases, the series in (4) converges uniformly. We observe that 


ig’ _» J 1, if dea (x) = 
(5) , W ” di-1 (x) = ( ah 
n; a tO | 0, otherwise. 


Thus, the series (5) is the Fourier expansion of ¢$* (x). Substituting it in (3) 
vields 


t j ; 
(6) C(x) = ~< * Dr-1 (x) >> v(w, ao 
Now in general, 


x 7 dfi-—x"*" Vx"t" — (N + 1)x* +1 
> dt i oh ert Be a ne 7 “s ° 
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n Putting N = n, — 1, x = we’, and using the fact that w;* = 1, 
| 
\ ng—l i 
. —j\» _ (wy © — 1) n 
) (4) De vw)’ = + Rey oe mit (7 # 0), 
y= (1 — @, ) Ww; — | % 
ne—1 ng—l 
ais n,(nm, — 1) : 
(8) } v(w, *) =) v= ul 2 (j = 0). 
e v=() vel é 
Substituting (7) and (8) in (6), 
yf ng—l 
%, — | l 
g ) (9) (x) = — +> r pawt hE 
- joel @, —_ ] 


Finally, using (9), the series in (4) becomes 


r np—l 1 


(10) i> ~— + 


J 
k=l pr . jel We =— ] 


dr—1 (x). 


Since the convergence in (4) is uniform, it follows from (9) that there is a 
sequence of partial sums of the series (10) converging uniformly to x — [x]. 
This implies that (10) is the Fourier series of x — [x] 

If we observe that 


ene eater eee 5 


k=) Pi k=l >; k-seo Pt Po 
‘ then (10) is the series given in the statement of the theorem. 
; The next theorem involves a simple, but rather lengthy computation. For 
T this reason, we introduce the following lemma which prepares a computation 
needed in the proof of the theorem. Define 
sy,k) =l+ow,+072+...+0,""' — ww 
LEMMA 1, 
») 
Pi (m = 0 
l — w, 
as i 
" Db. (Pp, — 1) 
w, "s(v,k) = 4 — = Pe__ _ Ps Pe (m = 1), 
0 ] — W@W, - 
n | 
k oO 
Pr. (m = 2,3,...,m — 1). 
] _ 
Proof. 
Re! l— ow 
} ¥ 2 vm i 
(11) > w "(1 + oy +o +... +,’ =F « 
vel v= — 
Pr (m = 0), 
l — w, 
¢ 


O (m=23,...,% — 1). 
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Applying formulas (7) and (8), with m, replaced by p,, 


er (m = 1) 
Pe—-l Pe-1 } , 
(12) —>> wo (ver) = — >> v(w,'”)’ = j Pe 
pal) y=() ; - ; 
| l > -—" 
(m = 0,2,3 geeey i 1) 


Adding (11) and (12) yields the lemma. 
We shall now find the Fourier series associated with the function 


el 
Je-1 (x) = j Pr-1 (u)du. 


THEOREM 2. 


I I 
},1(x) ~ ————~ _4(x)| = - —-—~ 
Jr) Pr(1 — w) + an - ~ ra 


+> —>- 141 (*): 


yek+1 p, j=l Wy, 


Proof. lf x € I(v,k), 


ez e"/DeE 
dy—1(X) = ®: f dy_i1 (u)du ™ j do; i(u \du + @,” (. = [x] = *) ° 
0 e A 


0 


Therefore, if x € J(»,k), 
v—1 
Jp-i(x) = ow’ (« — [x] — 2) + x u wp,” = wo,’ (x — [x]) + * s(v,k). 


Since for all x, 


r Pe—1 
Jp-1(x) = xe (x) Je_s(x), 
Dk—1 pe—-1 
(13) Jpn(x) = (x - [x]) >> w,’ xe” (x )+- > 5 (vk) xs'(x). 
ven() k v=O 


The first sum on the right side of (13) is @,4_:(x) by definition. 
Furthermore, 


x” 1 — 
(x) == D0 vilv,k) ¥s(x), 
Pr j=0 
where y,(v, 2) is the value of ¥;(x) on I(v, k). Substituting these facts into (13), 
17 1 a 
(14) Jea(x) = (x — [x]) Gale) +3 r 2» v(x) >> vy(v,k) s(v,k). 


We assert now that the Fourier expansion of J,_;(x) does not involve any 
of the functions ¥,(x) for which 1 < 7 < p,_1. To show that the corres- 


th 


S 
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ponding Fourier coefficients vanish, we use the facts that J,_,(x) has period 
1/Pe-1, ¥s(x) is constant on intervals of the form J(r,k — 1), and 


1 
f ¥,(x)dx = 0. 


Consequently, 
1 ee ol/pe-3 __ 
J Jr-1(x) W(x) dx = j Jra(x)ax | ¥,(x)dx = 0. 
0 Jo 0 


Now if pPe-1 <j < px, then ¥,(x) can occur in the expansion of J,_;(x) only 
if ¥,(x) is one of the functions 

ori (x), 

If y,(x) is not of this type, it is of the form $,_:"(x)~,(x), where 1 <r < p,_. 


But then J,_1(x)@,-1-"(x) has period 1/p,_; and the same reasoning shows 


that 
1 a Rs oe a ee 
J Jp-1 (x) V(x) dx = | (Jp-1(x) dx-1 ” (x)) ¥,(x)dx = 0. 
0 0 


The expansion of x — [x] is given by Theorem 1. We substitute it into 
(14). In view of the above discussion, however, we may drop all terms in 
‘ ¥,(x) for 1 <j < p, except those of the type ¢,_:"(x). The result is: 


is’ 1 ,; 
(15) Jp-i(x) ~ 4bx-a(x —), <= (x) 
) n—1(X) bora(x) + 5 2e oar Oe x 
a_e75 
or 1 ra 1 
+> —-2> br1'(x) be—i(x) 
vek+1 Pr j=l Wy - J 
k= Pk—-1 
+ =>, drs (x) : dr-1 ” (v,k) s(v,k). 
km=0 be 
The first sum on the right side of (15) has a term in ¢,_,;"*(x) = 1. Writing 
this term first and shifting the summation index, 
1 1 ; I 1" 1 
(16) —> —— (x) = —- ——_- - — a $r_s(x) 
. re > Ww; 7] M1 ( Pr(1 — wy) Pema? | — ross 


’ Since ¢,_1-"(v, k) = 
of Lemma 1. We obtain 


w,™, the last sum in (15) can be simplified by means 


1 ngp—l Pi—1 
(17) 3, b-1" (x) 2D) wy" s(v,k) 
pr m=0 v=n() 
1 
pr(1 — ow») 0s i( p,(1 — ow) } 2p, 
1" I , 
+520 3 I—m Pr 1(x) 
: Substituting (16) and (17) into (15), 
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’ l 1 1 
- nwa ES 7 ered 
n 1 
@ 1 - l 
+> —> —=j——~ o-1' (%) be-1(). 
pok+1 vy jl Wy — 1 


In our enumeration, 


or—1° (x) dr-i(X) = Wiy_,47,_,(%). 
Therefore, (18) is the desired expansion. 

It is easy to obtain a similar expansion for the integral of the function 
¢x-1"(x). Basically, this amounts to replacing w, by w,” in (18). We can now 
obtain the Fourier series associated with the integral of the function y,(x) 
for any value of j. 

Given j, there exists k such that p,_; <j < p,. Then 7 = mp,_; + r where 
lL<m<qn,—1and0 <r < py: so that ¥,(x) = d_1"(x)¥,(x). Now the 
integral of ¢,_:"(x) has period 1/p,_, whereas the period of y, (x)is a multiple 
of this number. Therefore, 


rz ‘Tr 
| ¥;(u)du = y,(x) | dp_1 (u)du. 
0 e/0 
and we easily obtain the following expansion. 


THEOREM 3. Let 7 = mp1 +r where 1 <m < ny, and0 <r < p, 
Then 


a“ I l l 
\du ~ —_——— (x) -— ————; (x 
J, ¥i(u on pC _ @, ) v ; + | 2p, ae — @ ) | vs *) 
a ny—1 
l 
SD ee) ie pee et 
vok+1 vaml Wy _ ] 


4. Fourier coefficients. The following theorems are of interest. 

(A) If f(x) is a continuous function with modulus of continuity w(6) and if 
Pe-r1 <7 < Pe, then ja,| < $w(1/p,_1) where a, is the jth Fourier co- 
efficient of f(x) with respect to the system W(m, mo, ...). 

(B) If f(x) has bounded total variation V, then 


V ; 
a;|\< csc 4/n, 
Pp; 
Theorem (A) is a particular case of a result of Ohkuma (3); Theorem (B) 
is essentially a result of Chrestenson (1). When the sequence {m, mo, ...} is 


bounded, there follow directly from (A) and (B) such facts as: 
(a) If f(x) satisfies a Lipschitz condition of order a, then its Fourier co- 
efficients are O(1/n*). 
(b) If f(x) is of bounded variation, its coefficients are O(1/n). 
However, if the sequence is unbounded, these assertions cannot be made. 
For instance, if f(x) satisfies a Lipschitz condition of order 1, the most we 


-_ 
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can say about a,,_, is that it is less in absolute value than C/p,_; where C 
is a constant. Consequently we can conclude only that |a,| < Cn,/j when 


Pri <j < py. Since lim sup m, = ©, it is conceivable that lim sup jja,| = @. 
Furthermore, lim sup V csc 2/nm, = ©, so it is also conceivable that 
lim sup jja,| = © for functions of bounded variation. We shall show by 


means of examples that these possibilities actually do occur. 


THEOREM 4. Jf {m,,m2,...| is unbounded, then there exist functions of 
bounded variation whose Fourier coefficients with respect to the system (n,n, . . .) 
are not O(1/n). 


Proof. Take the function f(x) = x — [x] whose expansion is given by 
Theorem 1. Let a, denote the jth Fourier coefficient of f(x). For any k, 
ox—-1"*—' (x) is the (m, — 1)p,-1th or the (p,; — p,_;)th function in our enumera- 
tion of the system ¥. By Theorem 1, 


; 2 ae 
Pi-Pe-1 Pr(o a 1) Pr er _* 





(Px — Pei) | @p~»-, | = —— csc r/m . 


lim sup (Pe — Pe-1) | @p,—»,-, | = lim sup 4 (1 _ 1) csc r/m = ©. 
k 


Hence, lim sup jja,| = ©. 


THEOREM 5. If {m, m2,...} is unbounded there exist absolutely continuous 
functions, in fact functions satisfying a Lipschitz condition of order 1, whose 
Fourier coefficients with respect to the system V(n,, m2,...) are not O(1/n). 


Proof. Take the function J,_;(x). Formula (14) in the proof of Theorem 2 
shows that except for its first p, terms, the Fourier series of J,_,(x) agrees 
with that of (x — [x])¢,-:(x). Except for a shift, the Fourier coefficients of 
the latter function are the same as those of x — [x]. Consequently the argument 
used in the proof of Theorem 4 again shows that lim sup jja,| = ©. 

The following elementary facts will be useful. We list them as a lemma 
and sketch the proof. 





LEMMA 2. If m, < m2 <3 <...,thenask—o@, 
1 1 1 (ng/4) 1 | 
— =a ~~ =~ | ~ log»: . 
m4, |ox ? — 11 ny =“ wm’? —1) om 
Proof. Since |\w,;-? — 1|-! = |e~?*44/™ — 1|-! = 4 cs xj/m, the first sum is 
clearly asymptotic to 
(ng /2) 
—— csc aj/n 
= 2, cc xj/ 


k j=l 
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Here, csc xj/nm, may be replaced by m,/xj, since the ratio of csc x to 1/x is 
bounded for 0 < x < $x. Therefore, the first sum is asymptotic to 
l (ne /2) 


k 
rw | 2]}~1 ™ 
= a og [n,/2] og m, 


To prove the second assertion, observe that 


l (np/4) l l | "§ | "¥ 
~ a. a = | , (— 1+ 41Ccot 7) / mM, ) a Se cot 1j / , 
Ny jul We — 1 ny j=l Ny jul 


Arguing as above, cot 2j/nm, may be replaced by m,/zj and the result follows 
in the same way. 

Fine has proved that the Walsh-Fourier coefficients of an absolutely con- 
tinuous function are not O(1/m) unless the function is a constant. We shall 
modify his argument to show that there is a class of unbounded sequences 
{,} such that the Fourier coefficients of a non-constant absolutely continuous 
function with respect to ¥(m, m2, ...) are not even O(1/n). 

We shall consider sequences {n;} satisfying: 


- — 


(19) nm <m<m3<...;2., —->D FFT = Ol/Pr-1) « 


vork+l P» s=1 wy, 
In view of Lemma 2, the latter condition is equivalent to 
= logn 
> oe" _ ov Pri) « 
vek+1 Pv—1 


This is a restriction on the rate of increase of the sequence. Still, it does admit 
sequences growing as rapidly as 


THEOREM 6. Jf {m,, m2,...} satisfies (19) then the Fourier coefficients of a 
non-constant absolutely continuous function with respect to the system V(n,, No, . . .) 
are not O(1/n). 


Proof. Suppose that F(x) is absolutely continuous and that f(x) is its 
derivative. Let {a,} and {b,} be the Fourier coefficients of F(x) and f(x) 
respectively. We assume F(x) is not a constant so that f(x) # 0. Therefore 
one of the Fourier coefficients of f(x), say 6,, does not vanish. We shall show 
that if % = pe — prety then 


1p|Aa| — Ny. 


Hence, lim sup jja;| = @. 
Set 


H,(x) = | vy, (u)du . 


Since H,(0) = H,(1) = 0, we obtain, on integrating by parts, 





nit 
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el — 7 ‘ 1 el : 
(20) ay,= J F(x) Wi,(x)dx = | Fx) Hata) | - | I(x) Hy, (x)dx 


0 
sl — 
—— | f(x) Hy, (x)dx. 
ei 
Since the Fourier series given by Theorem 3 has a subsequence of partial 
sums converging uniformly to 
H (x), 


we may substitute it in (20) and integrate termwise. 


sl = el < 
—-ay,= pl + om) J FV dx + E — Fil , | J s@)¥a@ax 


ny—1 


- 1 1 . ——— 
+> —>) = | I(x) Wop, 1+ (%)dx. 


vek+1 Pe gel We — 


l l l 
9 = es ee as aia 
me We Se E re ye = 


ot 
+> — >> ae j Osvr— i+ tes 
vek+1 »s=l1 W@W — 
Now 
max |b,| > 0, k— @. 
J>PK 


Therefore, by assumption (19), the absolute value of the sum in (21) is 
O(1/pPe_1) = O(n,/p,). Multiplying equation (21) by — %, 


ae ae a(! aol -) | 
_— = Rica, wld L—a/ 2 e/Pn)- 
Since 

. ly . Px — Pr it r l 

lim — = lim = _ —— <= j;- ~ Ny, 

ker Pi noe Pi l1-— Or . 


the absolute value of the first term in (22) is asymptotic to m,. The second 
term is o(m,) since b,, +0. Hence, 


te |Qig| ~ Mx, hd 


5. Summability. The trigonometric Fourier series of a continuous function 


f(x) is uniformly (C,1) summable to f(x). The analogous statement is true 


for the Walsh functions. In fact, a theorem of Ohkuma (3) implies it is 
true in any system W(m, m2,...) provided {m,} is a bounded sequence. We 
shall show that if {m,} is unbounded, the situation is quite different. 

< 


THEOREM 7. Let {m, m2,...} be unbounded. Then, given any real value a, 
there exists a continuous function whose Fourier series with respect to the system 
V(m,,m2,...) is not (C,1) summable at x = a. 
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Proof. Denote by D,(x, u) the kth Dirichlet kernel of the system. 


(23) D,(x,u) = > v(x), (u). 


It will be useful to note that if x € J(r,k), then 


k—1 pre 


; { 
(24) Dy(xu) =T] 4 De (+(x) be “(u))’¢ = Pexr” (u). 
v= j=9 
Denote by K,(x, u) the mth Cesaro kernel: 
(25) K, (x, u) = >> D(x, u). 
n j=l 
If the sequence 
el 
J |\K, (a, u)|dut 
0 


is unbounded, then by a well-known theorem of Haar, there exists a con- 
tinuous function whose Fourier series is not (C, 1) summable at x = a. 
Let us first consider the case when a = 0. This is a convenient value of a 
because ¥,(0) = 1 for all 7. For brevity, let 
D,(u) = D, (0, u), K,(u) = K,(0,u), Ky = fo) Ku (mu) |du. 


We shall show that the sequence {K,} is unbounded. 


Prat 
(26) roi Ko, ,,(u) =2 D,(u) -> D,(u) +e D,( 
pr+l 
ot 


= p, K,,(u) +¥ »e Dy, +3(t). 


Our enumeration of ¥(m, m2, ...} is such that 


Pr 


», 

De Dey + s(t) = > {(1+ ¢, '(u) + 6, 7'(u) +... + 6°” (u)) Dy, (u) 
97\ i= j= 
veal + o, "(u) D,(u)} 


= p, D,, (u) (1+ 6, '(u) +... + OF (u)) + 66°" (u) D Kp, 


Combining (26) and (27), 
Rr +,—1 

(28) Pr+i Ko, ,,(u) = p, D,,(u) >> (1 + ¢, ‘(u) +... o, ”” (u)) 
v=l 


Mr +i—1 


+ p,K,,(u) >> ¢,7"(u). 


An easy computation yields 
- — _—— 
1 — ¢, (u) 


K,,(u) + "#4 —- D,,(u) (@,(u) = 1). 


D,,(u) (¢,(u) # 1), 
(29) K,,.,(4) = 
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By means of (24) and the recursion relation (29), it is possible to obtain 
an exact formula for K,,(u). The reasoning involves a number of cases, all 
of which are quite simple. We shall simply list the results. 


. l 
ue ag u I (0, r); 
(30) A = { ia : : 
pr (u) fet, u I (j Pr/ Ps 7) (ys £2... .@e = 8s 
0, otherwise. sz 1,2,...,7): 


It follows from (30) that 


el r na—l ’ l 
' _L Sp, +1 ee 
(31) J K,,(u)\du = 5 +2 yi l— oll >> To 
> LS ; 
«4 l—o,’ 


Therefore, by Lemma 2, the sequence {A,,} is unbounded, increasing at least 
as rapidly as {C log n,} where C is a constant. Consequently there exists a 
continuous function whose Fourier series is not (C,1) summable at the 
point x = 0. 

The functions 


el 
| K(x, u)\idu 


are actually independent of x, hence constant. This is because ¥(m,, mo, . ) 
is essentially the set of characters of a compact group whose Haar measure 
coincides with the Lebesgue measure on the unit interval. (The argument 
given by Fine for the Walsh functions (2) carries over directly.) It follows 
that our proof is valid not only for a = 0, but for any value of a. This proves 
the theorem. 

We show next that the situation with respect to summability can be even 
worse if the sequence {m,} increases rapidly enough. Such a sequence will 
be one such that 


| [ng/4) l 
(32) Met Oe 4 Oe 4 os f= — ee, 
pr rel Wy can ] 
By Lemma 2, the latter condition is equivalent to 
log n, 
pr 1 
° _ . ¢ 
and is satished if 
Nt, = oA! 


where {a,} is any sequence tending to infinity. 
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THEOREM 8. Jf {m,, m2, ...} satisfies (32), then there exist functions in Lip | 
whose Fourier series with respect to V(m,, m2, ...) are not (C,1) summable on a 
set S which is non-denumerable and includes all rationals of the form r/Pm. 


Proof. \t will suffice to prove that the assertion is true for the function 
x — [x]. For, as pointed out in the proof of Theorem 5, the expansion of 
J,-1(x) is essentially the same as that of x — [x]. 

The latter expansion is given by Theorem 1. Let s,(x), o,(x) denote its jth 
partial sum and (C, 1) mean respectively. Since the series has gaps, s,(x) will 
be constant over blocks of consecutive values of j7. More precisely, 

le l 
(33) $,(x) = Sp,-,(X) + —> ae di-1 (X), 


Pr rai Wy 
VPri <7 < (H+ lps lv < m. 


Now suppose ¢,_;(x 
(33) when 7 = mp, 


1. It is easy to obtain an expression for ¢,(x) from 


mDpk i Pk i MD- i 
(34) mpz-1 Omp,_,(X) = >> $;(x) = p S;(Xx) +> $j\X) 
j=! j=l j=Pe— +1 
K+ l 
_ = Pr 1 Tp,- 1 (x) )} + Pr 1(m — Sp, (x) + * Pe- 1 (m = 


r=l Wr —_ 1 ; 


Therefore, 


. 1 l iz r 1 
(35) ome ie m °?* i) + (: 7 1), (*) + Dp r=l (; 7 r) a” =} ‘ 


We may assume j{o,,-:(x)} is bounded. Otherwise x is already a point 
where summability fails. Furthermore, {s,,_,(x)} is also bounded. A general 
theorem of Ohkuma (3) says that the p,th partial sums of the Fourier series 
of an integrable function converge to the function at all points of continuity. 
(For x = 0, this argument does not apply but a direct verification is easy.) 
Consequently, 


. l 
(36) Omp,-,(X) = O(1) + > ‘(- : ’ . 
Pr r= 1 W, = 
om edE ot; - £5 Sei. 
Take m= [in,] +1. Since |w,-’ — 1|/-' = $cscrr/m < Cn,/r for 


0 <r < [4}n,] + 1, the absolute value of the last sum in (36) is dominated by 


L rCn,_Cn, _ C soft). 


Pr rl ™ r Pi Pr 1 
Thus if ¢@~:(x) = 1, and jx, = ([3n,] + 1)pe-s, 


(37) o,(x) = O11) +—> —— 





or 
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If for a given x, relation (37) holds for infinitely many values of k, assump- 
tion (32) shows that the sequence 


[7 y,(x)} 


is unbounded. But there is a non-denumerable set S including all rationals 
r/Pm of such values of x. Let 


ee 
x=) ; OLE <M. 
k=! k 
Since @,-1(x) = w,“*, x © S if and only if infinitely many of the c, are zero. 
This completes the proof. 


It is known that the Walsh-Fourier series of a function of bounded variation 
converges at each dyadic rational and at each point of continuity of the 
function. Since the rationals r/p,, are the analogues of the dyadic rationals, 
Theorem 8 demonstrates a significant difference between the analytic 
properties of the Walsh system and those of W(m, mo,...) when {m,} is 
unbounded. 
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THE CLOSED IDEALS IN AN ALGEBRA OF 
ANALYTIC FUNCTIONS 


WALTER RUDIN 


I. Introduction. Let K and C be the closure and boundary, respectively, 
of the open unit disc U in the complex plane. Let & be the Banach algebra 
whose elements are those continuous complex functions on K which are analytic 
in U, with norm 

f\| = max | f(z) (f € &). 
zeK 
Sometimes it will be convenient to say that f € W& even if f is defined merely 
in U but can be extened to K, so that the extended function is a member of &. 

In this paper, all closed ideals of & will be determined (Theorem 1). Before 
the result can be stated, some definitions are required. 

A Blaschke product is a function of the form 


a, — 2 


(1.1) B(z) = "|| =“—.' (2 € U), 


ani |l— 4,3 Gp 
where m is a non-negative integer, 0 < |a,| < 1, and }-{1l — |a,|} < ©. The 
set {a,} may be finite, or even empty. 

A measure is a complex-valued completely additive set function yu defined 
for all Borel subsets of C; u is singular if u is concentrated on a set of Lebesgue 
measure zero. 

Following Beurling (1, p. 246), we call a function of the form 


(1.2) M(z) = B(z) exp } — j wTs4) (w)} (zg U), 


cw-2Z 
where B is a Blaschke product and \ is a non-negative singular measure, an 
inner function. 

We note that a function f/, analytic in U, is an inner function if and only 
if f is bounded in U,f has radial limits of absolute value 1 almost everywhere 
on C, and the first non-zero Taylor coefficient of f is positive. The necessity 
of these conditions follows immediately from (1.2). Conversely, if f satisfies 
these conditions, there is a Blaschke product B such that f/B satisfies the same 
conditions and has no zeros in U; the function g = — log (f/B) is analytic 
in U and has non-negative real part; hence (5, p. 185) there is a non-negative 
measure A such that 


"w+: : 
ee) = | tar (w) (z € U); 
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finally, A must be singular, since the real part of g has radial limit 0 almost 
everywhere on C. It follows that f can be written in the form (1.2), i.e., f is 
an inner function. 

If E is a ciosed subset of C and M is an inner function, we say that M is 
associated with E if all limit points of the zeros of B are in E and if X is con- 
centrated on E. 

If f is bounded and analytic in U, we say that the inner function M divides 
f (or f is divisible by M) if f{/M is bounded in U. It is shown below (Lemma 7) 
that if f € WM and M divides f, then f/M € 4%. 


The main result can now be stated: 


THEOREM 1. Choose a closed subset E of C, of Lebesgue measure zero, and 
choose an inner function M which is associated with E. Let I (E, M) be the set 
of all f € U which are divisible by M and which vanish on E. Then I (E, M) is 
a closed ideal of %. 

Moreover, every closed ideal of A (with the exception of the null ideal) is obtained 
in this manner. 


The restriction on the measure of E is a natural one; for if f © WM and 
f(z) = 0 on a set E on C of positive Lebesgue measure, then f(z) = 0 for all 
z € K. 

It seems quite remarkable that the inner functions, which are in general 
discontinuous at the boundary, are found to play such an important role in 
the ideal structure of &%. Theorem 1 has several consequences which are stated 
at the end of the paper. 


Il. Some factorization lemmas. This section contains a number of facts 
which will be needed in the proof of the main theorem. Although some of these 
are not new, it seems advisable to include at least sketches of their proofs. In 
particular, Lemma 2 occurs in (1, p. 254) as a consequence of an investigation 
of the Hilbert space H,. The direct proof given below, based on the purely 
measure-theoretic Lemma 1, may be of independent interest. Lemma 5 is 
stated in (1, pp. 245-6), but no explicit proof seems to exist in print. 


LemMA 1. Let A be a collection of non-negative measures. There exists a measure 
Ay such that (a) O< Ao (E) < ACE) for all dr A and all Borel sets E; (b) if d, 
is a@ measure such that (a) is true with \, in place of Xo, then (FE) < Ao(E) for 
all Borel sets E. 


We may call A» the largest minorant of A. 


Proof. Let S be a partition of a fixed Borel set £. That is to say, S is a 


finite collection of disjoint Borel sets E;,..., E, whose union is E. Put 
¢ 
As(E) = >> inf A(E,), (XE A) 
t=1 
an 
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Ao(E) = inf As(Z), 


the inf being taken over all partitions S of E. 

A routine argument shows that the set function A», so defined for all Borel 
sets, is additive. Complete additivity of \» follows from the fact that Adis 
majorized by every \ € A. Thus Xo is a measure, and it is easy to see that 


(a) and (b) hold. 


LEMMA 2. Every non-empty collection § of inner functions has a greatest 
common divisor Mp. 


More explicitly, there is an inner function M, which divides every M € § 
(so that M/M, is again an inner function), and every inner function which 
divides every M € § also divides Mp. 


Proof. For every M € §, write M = M(B, \), where B and X\ determine 
M in accordance with (1.2). Let A be the collection of all measures \ which 
occur in this way, and let A» be the measure whose existence is assured by 
Lemma 1. Let By be the Blaschke product formed with the zeros which the 
functions M € § have in common, counting multiplicities. Then My = M(Bo,Ao) 
is clearly the greatest common divisor of §, and the Lemma is proved. 


We now require another definition. Suppose u is a real function which is 
summable on C; let 8 be a real constant; adopting Beurling’s terminology 
(1, p. 246) we call the function 


1 e ) Z , 
(2.1) Q(z) = exp laa J ers s (wy! — =+ is| (g € U) 


an outer function. Writing u as the difference of two non-negative summable 
functions, we see that Q is the quotient of two bounded analytic functions; 
i.e., Q is of bounded characteristic (5, p. 178). 

Since log |Q(z)| is the Poisson integral of u(w), the radial limits of log |Q(z)| 
are equal to u(w) for almost all w € C. Thus any outer function has the 
representation 
(2.2) Q(z) = exp a4 | Sts 7 8 \Q (w)| 2 — — + ist. 

Q2tidc W— 

According to Nevanlinna (5, p. 190), every' function f which is of bounded 

characteristic in U, can be written eae in the form 


{ ; 
(2.3) f(z) = atte + exp : J, 2 ————— = du(w) + 18 ¢ (2 € U), 


where B,, B. are Blaschke products, yu is a real-valued measure on C, and 
8 is a real constant. 
If we split off the absolutely continuous part of w and apply the Jordan 


decomposition to the singular part o of yu (i.e., ¢ = a; — o2, with o> 0, 
oz > 0, and o;, oz mutually singular, we arrive at the following result: 


'We assume here, and throughout this section, that f(z) is not identically zero. 





OR Oe 








d 


in 


0, 


—= 
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LemMA 3. If f is of bounded characteristic in U, then 
(2.4) f(z) = Nj(2) Q; (z) (g € UV) 
where N, is the quotient of two inner functions without common factor*®, and Q, 
is an outer function given by 

P a9 f w+z ; dw, ..t ; 
2.1 = —| — )|- : ) 
(2.5) Q(z) = exp ~ 9 Beye 7; 08 f(w) - + iB, ( U) 


Let us recall that H, is the class of all functions h, analytic in U, for which 
the integral 


j ln(re’*)\d0 (0<r<1) 
is a bounded function of r. 


LemMaA 4. // 
ole 
J iple)| do <= 
and Q, is defined by (2.5), then Q,; © Mh. 


Proof. Let P,(@) be the Poisson kernel 


1 1-—r’ 
P,(6) = _ Ft 


Taking absolute values in (2.5), the well-known inequality between the 
geometric and arithmetic means yields 


2s alr 
O,(re®*)| = exp | f P,(6 — @) log |f(e*)\do < j P(0 — @) |f(e®)\d¢, 
so that 


o2r 2x 
j \O,(re"*)|d0 < if(e*) |d@, 
70 7 


( 


and Q, € A. 


Lemma 5. If f € Mi, then f = M,Q,, where M, is an inner function, and Q, 
is gwen by (2.5). 


That is to say, the denominator of N, in (2.4) reduces to 1. It is easy to 
deduce that the Lemma is true if f © H,, for0 < p < @, but the case p = | 
is the one which is needed later. 


The representation of f in the form M,Q, will be called the canonical factori- 
zation of f. 


< 

Proof. Put log+ = max (log, 0), log~ = — min (log, 0). 
*To say that two inner functions have no common factor means that the constant 1 is the 
only inner function which divides both of them. 
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Choose R < 1, and replace f(z) by f(Rz). Since log | f | is subharmonic in U, 
we have, putting z = re“, 


(2.6) log |f(Rz) < | P.(@ — ) log® |f(Re®)\do 
0 


ale 
- j P(@ — ) log” |f(Re®)\d¢. 
et 
By virtue of the inequality 
| log+ s — logtt| < |s—t (s,t > 0), 


and the fact that f (Re“*) tends to f (e’®) in the norm of LZ), the first integral 
in (2.6) tends to 


j P.(0 — @) log™ |f(e*)\d@ 
as R — 1. Fatou’s lemma, applied to the second integral in (2.6), then leads to 


(2.7) log if(z)| < f P,(@ — ¢) log f(e*)\d¢e (s = re“). 
But (2.5) shows that log |Q,(z)| is equal to the right member of (2.7). Hence 
f/Q,; is bounded in U, and the radial limits of f/Q,; have absolute value | 
almost everywhere on C (by (2.5)). It follows that f/Q;is an inner function, 
if 8 is properly chosen in (2.5). 


LEMMA 6. Suppose f € UY. Let E, be the set of all 2 € C such that f(z) = 0. 
Let f = M;Q, be the canonical factorization of f. Then M, is associated with 
Ey, Q; € YW, and Oz) = ( on E;. 


Proof. The zeros of M, in U are the same as those of f, hence their limit 
points lie in E,. If the measure A of (1.2) were not concentrated on E,, then 
\, considered as a function of bounded variation, would have + © as derivative 
at some point 2» € C — E, (7, p. 128); taking absolute values in (1.2), the 
resulting Poisson integral shows that M(rz,.) ~0asr— 1. But |QO,(z)| < | f(z)|, 
so that Q; is bounded in U. This implies that f(z») = 0, a contradiction. Thus 
M,;, is associated with Ey. 


It follows that M, is continuous and different from 0 at every point of 
C — E,, so that Q, = f/M; is continuous on K — Ey. The Poisson integral 
representation of log|Q,(z)| (the right member of (2.7)) shows that 
Oz) ~0 as z—> 2% € E,, and the lemma follows. 


LemMA 7. If f € Mand M is an inner function which divides f, then f/M © XU. 


Proof. Put g=f/M,f = M,Q,;, g = M,Q,. By the uniqueness of the canonical 
factorizations, Q, = Q; and M, = M,/M. Since M, is associated with E,, so 
is M,. By Lemma 6, Q, € & and Q,(z) = 0 on Ey. Hence M,Q, € W. 
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III. Proof of Theorem 1. We now assume that E is a closed subset of C, 
of Lebesgue measure zero, that M is an inner function associated with E, and 


that I(E, M) is the set of all f € & which are divisible by M and which vanish 
on E. 


It is clear that J(E,M) is an ideal; we have to prove that J(E, M) is closed. 
Choose any g € & which is in the closure of /(E, M). Fix r, 0 <r <1, 
such that M(z) = 0 if |z| = r. Put 


(3.1) = min |M(re“)|. 
. 

Then 0 < 6 < 1. By our choice of g, the definition of /(E, M), and Lemma 7, 
there exists an f € & such that 
(3.2) | Mf — g\| <4. 
This implies 
(3.3) lf || = || Mf || < |i g || +6. 

If |z} = r, (3.1) and (3.2) lead to 


ve) _ & {8)| 
(3.4) f(s) — FA) <1, 
so that 
(3.5) B()) 214 ifs)) <14 +5<24 (\s| = 1) 
- M(z) : g or 18 Riles 


Since (3.5) is true for all r such that M(z) # 0 on |z| = 7, g/M is bounded 
in U, so that M divides g. Also, being in the closure of 7(E, M), g(z) = Oif 
z € E. Hence g € J(E, M), so that J(E, M) is closed, and the first part of 
Theorem 1 is proved. 

To prove the second part, let J be a closed ideal of &, distinct from the 
null ideal. Consider the canonical factorizations f = M,Q, for all f € J which 
do not vanish identically, and let M be the greatest common divisor of the 
functions M, so obtained (Lemma 2). Let E, be the subset of C on which 
f(z) = 0, and let E be the intersection of these sets Ey. 

It is then clear that J is contained in J (E, M). We have to prove that 
these two ideals are actually equal. 

Let J, be the set of all functions f/M, with f € J. Since M divides M,, 
Lemma 7 shows that J; is a subset of %. Hence it is clear that J; is an ideal 
of M; and since || f/M || = ||f||, J: is a closed ideal. If we can prove that 
J, = I(E, 1), it will therefore follow that J = J (E, M). 

Thus it suffices to prove the theorem for the case in which M is the constant 
1, i.e., there is no non-constant inner function which divides every f € J. 

Let u be a measure which annihilates J, in the sense that 


(3.6) | f(w)du(w) = 0 (f € J) 
c 











432 WALTER RUDIN 


Since J is an ideal, 


(3.7) J e(w) $(c0)du(w) =0 (REUSE J). 


By a well-known theorem of F. and M. Riesz (6), (3.7) implies that for 
every f € J there is a function fh; € H, whose boundary values give rise 
to the following equality between measures on C: 


(3.8) f (w) dy(w) = h, (w) dw. 


If S is a closed subset of C — E,, of Lebesgue measure zero, (3.8) shows 
that the total variation of u on S is zero. This is true for all f € J, so that 
the singular part ¢ of u is concentrated on E. Puta = uw — o. Then there exists 
@ € L, on C such that 


(3.9) da(w) = o(w) dw. 
Since f(w) = 0 on E and g is concentrated on E, we have, by (3.8) and (3.9), 


hAw) dw = f(w) du(w) = f(w) da(w) = f(w) o(w) dw, 


so that 
(3.10) hw) = f(w) o(w) 
for all f © J and almost all w € C. Put 
— Ay) on 
(3.11) gs(2) = f(z) (f € J,2z € U). 


The functions g;, meromorphic in U, have the same non-tangential boundary 
values, namely ¢(w), for almost all w € C. Hence (4; p. 159) g; = g, a function 
independent of f. Since the functions f € J have no common zeros in U, g is 
analytic in U. Being of bounded characteristic, g is of the form (2.4), i.e., 
g = N,Q,, with Q, € MH, (Lemma 4), unless g is identically zero. 

Writing hy = h = M,Qy, f = MjQ,, (3.11) gives 


It follows that M, = M,N,, so that the denominator of N, divides M,, for 
every f € J. Since we are dealing with the case M = 1, this implies that the 
denominator of NV, also reduces to 1, so that N, is an inner function. Hence 
g € H,. This is of course true a fortiori in the excluded case (g identically 
zero). 

Since g has boundary values ¢(w), we have 


j k(w) @ (w)dw = 0 (k € UX). 
/7C 


Now if k € & and k vanishes on E, that is to say, if k € J (E, 1), then 


f k(w)d up (w) = J. k(w)da (w) = { k(w) o (w)dw = 0. 





or 


1). 
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Thus every measure which annihilates J also annihilates J (Z, 1). Hence J 
cannot be a proper subspace of J (Z, 1), and the theorem is proved. 


IV. Consequences of Theorem 1. A closed ideal J in a Banach algebra 
is said to be principal if it is generated by a single element g, i.e., if J is the 
smallest closed ideal which contains g. 


THEOREM 2. Every closed ideal of % is principal. 


Proof. Consider a closed ideal J (E, M). Construct a negative summable 
function u on C such that u has a bounded derivative on every closed subarc 
of C — E, and such that u(w) — — © as w— wp, for all wy € E. Let QO be 
the outer function obtained from this u by formula (2.1), with 6 = 0. Then 
Q € & (compare (2, pp. 342-4, 360-1)). 

If g = MQ, then g € &, since M is associated with E and Q vanishes on 
E. By Theorem 1, J (E, M) is equal to the closed ideal generated by g, so that 
I (E, M) is principal. The theorem follows. 

Among other things, Theorem 1 implies the well-known theorem that the 
maximal ideals of & consist of all members of & which vanish at a given 
point of K. In fact, J (E, M) is maximal in exactly the following three cases: 


(a) Eisempty, M(z) = z. 


el 


(b) Eis empty, M(z) = for some a € U,a # 0. 


i— dz a 
(c) E consists of one point of C, M(z) = 1. 


The question often arises in the study of Banach alegbras whether every 
closed ideal is the intersection of maximal ideals (or whether every closed 
ideal is the kernel of its hull, in Segal’s terminology (3, p. 56)). Theorem 1 
shows that in & the following is the case:* 


THEOREM 3. I (E, M) is the intersection of maximal ideals of U if and only 
if M is a Blaschke product without multiple zeros; in particular, the measure 
in the representation (1.2) of M must be zero. 


A closed ideal in a Banach algebra is said to be primary if it is contained 
in only one maximal ideal. There are two kinds of primary ideals in Y. First, 
ifa € U and m is a positive integer, the ideal J (a, m) generated by (z — a)” 
is primary; with eacha € U there is thus associated a countable set of primary 
ideals. Secondly, if a € C and ¢ is a non-negative real number, the ideal 
J (a, t) generated by 


(z — a) exp) = pots 





‘Whenever the symbol I (EZ, M) appears, it is understood that M is associated with E 











434 WALTER RUDIN 


is primary. For a € U, J (a, m) C J (a, m) if and only if m > n; for a C 
J (a, t) C J (a, s) if and only if ¢ > s. There are no other inclusion relations 
between primary ideals. 

In some Banach algebras every closed ideal is the intersection of primary 
ideals, although there are closed ideals which are not intersections of maximal 
ideals (for references, see (3, p. 182)). Theorem 1 shows that in & the situation 
is as follows: 


THEOREM 4. J (E, M) is the intersection of primary ideals of A if and only 
if the measure d in the representation (1.2) of M has no continuous component 
(i.e., if X is the sum of an at most countable number of point-measures concen- 
trated on E). 
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REPRESENTATION OF BANACH ALGEBRAS 
WITH AN INVOLUTION 


J. A. SCHATZ 


1. Introduction. In 1943 Gelfand and Neumark (3) characterized uniformly 
closed self-adjoint algebras of bounded operators on a Hilbert space as Banach 
algebras with an involution (a conjugate linear anti-isomorphism of period 
two) satisfying several additional conditions. The main purpose of this paper 
is to point out that if we consider algebras of bounded operators on complex 
Banach spaces more general than Hilbert space, then we can represent a 
larger class of algebras by essentially the same methods. The Banach spaces 
considered are those which have an inner product satisfying the algebraic 
conditions imposed on a Hilbert space inner product except that positivity 
is replaced by non-degeneracy and continuity of the inner product. We shall 
call such Banach spaces BI P-spaces. Now let & be a complex Banach algebra 
with an involution satisfying ||a*|| = |\a||. Our main result (Theorem 3.6) 
is that there is a BIP-space ¥ and an involution-preserving isomorphism of 
% onto an algebra of bounded operators on ¥ which is norm-preserving on 
self-adjoint elements. 

I should like to take this opportunity to thank C. E. Rickart for many 
helpful suggestions and to express my deep appreciation for his many acts 
of kindness. 


2. BIP-spaces. In this section we shall define BI P-spaces and present those 
facts which we shall need to state and prove our representation theorem. 
It is our intention to present a detailed study of BIP-spaces at a later date. 
Complex conjugates will be indicated by a superscript c. 


Definition 2.1. A BIP-space % is a complex Banach space which has an 
inner product (x, y) defined from % X ¥ to the complex numbers such that 
for arbitrary x, y, z € ¥ and complex \ we have 


(1) (x + Ay, 2) = (x,2) + A(y,2), 

(2) (x,y) = (y,x)°, 

(3) (x,z) = 0 for all z € % if and only if x = 0, 
(4) |(x,y)| < |x| | ly. 


As a result of (4), x, +x and y, — y imply (x,, ¥,) — (x, y). This joint 
continuity of the inner product is equivalent to (4) in the sense that in the 
presence of joint continuity of the inner product ¥ may be given an equivalent 
norm in which (4) holds. 
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For a given inner product all norms under which a linear space L becomes 
a BIP-space are equivalent. This follows from results of Rickart (7, Lemmas 
2.1 and 2.4) by noting that for each x € L, (-, x) is a linear functional on L 
bounded with respect to each such norm and that 0 is the only element at 
which all of these functionals vanish. 

Let S be a set, let ¥, be a BIP-space for each s € S, and let ¥ = }°,. sk 
be the set of functions x defined on S satisfying x(s) € %, for each s € S and 
DL ses!|x(s)|| exists. Define operations on ¥ by (x + y)(s) = x(s) + y(s), 
(Ax)(s) = Ax(s), |lx]| = Dosesll[x(s)|| and (x, y) = Youes(x(s), y(s)) for each 
x,y € ¥ and s€ S. Then & is a BIP-space which we shall call the direct sum 
of the &,’s. 

Let ¥ be a BIP-space. By an operator on % we shall mean an additive 
homogeneous function from % to %. If T is an operator which is bounded with 
respect to the norm on & we shall denote the operator bound by ||7'|!. We 
shall denote the algebra of all bounded operators on ¥ by B( %). Let T and 
S be operators on %. If there is an operator 7* on % such that (7Tx,y) = 
(x,T*y) for all x,y € ¥, then we shall say 7* is adjoint to 7. If T has an adjoint, 
it is unique and we are justified in using the notation 7* to denote it. If 7* 
exists, then T is automatically bounded.' This follows from the closed graph 
theorem (4, Theorem 2.13.9) by noting that if x,-—>x and lim 7 x, exists, 
then 7x = lim Tx, since 


(Tx — lim Tx,,y) = 


(x,7*y) — lim(x,,7*y) = 0. 


The following facts are easy to check. If 7* and S* exist then for complex 
r, (T + AS)* exists and is equal to 7* + A°S*. If T* exists then (7*)* exists 
and is equal to 7. If 7* and S* exist, then (7\S)* exists and is equal to S*7*. 
The identity operator, which we shall always denote by J, has an adjoint and 
I* = I. An algebra of operators on & is called self-adjoint if and only if for 
each T in the algebra, 7* exists and is in the algebra. 

The following lemma is a modification of a result of Lax (5). 


LEMMA 2.2. Let ¥ be a BIP-space. If (x,x) > 0 for all nonzero x € % and T 
is an operator on X such that T* exists, then 


Proof. The usual calculation for Hilbert space shows that if y,z € %, then 
(y,z)|?< (y,y) (2,2). Therefore for any operator S which has an adjoint, 


(Sx,Sx)? = (S*Sx,x)? < (S*Sx,S*Sx)(x,x). 


Noting that (S*S)* = S*S and applying this repeatedly we see that for any 
positive integer 7, 








‘This result was noted by the referee. It allows us to remove an unnecessary boundedness 
condition which was originally present in Lemma 2.2. 
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(Tx, Tx)” < ((T*T)”"™ x, (T*T)” x) (x, x)" 


on 


= ((7*7)” x, x) (x, x)" < ||T*T ||” |\x|\* (x, x)". 


(Tx, Tx) < ||7*7|| (isl! 


(x, x) (x, x) 


Therefore, 


The proof is completed by noting that 


;;2\2-*" 
lim | —— = |, 
nse \(%, x) 


3. *-algebras and the representation theorem. 


Definition 3.1. By a *-algebra A we shall mean a complex Banach algebra 
with identity e, |\e/| = 1, and a function a a* from & into % such that 
for all a,b © M and complex \ we have, 


(i) (a + Ab)* = a*® + A%*, 


(ii) (ab)* = b*a*, 
(iii) (a*)* =a, 
(iv) {ja*|| = |la 


A function satisfying (i) to (iii) is called an involution. It is apparent that 
continuity of the involution follows from (iv). Conversely if a complex Banach 
algebra with e, ||e|| = 1, has a continuous involution and we replace the 
norm by the equivalent norm |/a||’ = max(||a||, |/a*|!) then we obtain a 
*-algebra. 

The extensiveness of *-algebras may be judged from the fact that any 
Banach algebra % can be embedded in a *-algebra B&B’. To see this, let B’ 
be BX B with 

(x,y) + (x,y) = (x +x’, 9 + y’), 
A(x,y) = (Ax,ASy), (x,y) (x’y’) = (xx’,y’y), 
(x,y)|| = max (|{x||, |lyl|), (x,.y)* = (y,x). 


An element h © & for which h* = h is called self-adjoint. It is easy to see 
that e and 0 are self-adjoint and so are all elements of the form a*a, aa*, and 
a+ a*. Let H be the set of all self-adjoint elements of &. Then H is a real 
Banach space. For a © & there are unique self-adjoint elements h,k such that 
a=h-+ ik; in fact, h = $(a@ + a*) and k = —}i(a — a*). If a= h+ tk 
with h, k © H we shall call h and & the self-adjoint components of a 

We shall call a linear functional f on & (1) a real functional if and only if 


f(a*) = f(a)* for alla € A; and (2) a positive functional if and only if f(a*a) > 0 


for all a € &. A positive functional is necessarily real and bounded (by f(e) 
(6, pp. 29-32). The extensiveness of real functionals is indicated by the 
following facts. If f’ is a (real) linear functional on H, then there is a unique 
linear functional f on & such that f restricted to H is equal to f’; in fact, 
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f(a) = f'(h) + tf’ (Rk) for a = h + ik with h, k© H. Moreover f is bounded 
if and only if f’ is. A linear functional on & is real if and only if it assumes 
real values on H. If f is a linear functional on A then there are unique real 
functionals f;, fz such that f = f; + ifs; in fact, 
fila) = $Uf(@) + f(a*)), fea) = —$t[ f(a) — f(a*)*I. 

Moreover f is bounded if and only if both f,; and f: are. A *-algebra need 
have no (nonzero) positive functionals. To see this consider B’ as above. 
Since (e, —e)*(e, —e) = —(e,e) and (e,e) is the identity for B’, every positive 
functional must vanish at (e, e) and therefore is identically zero. 

Let f be a real functional on & and let N(f) be the set of all a © & such 
that f(ba) = 0 for all b€ A. Then N(/) is a left ideal. If f is bounded then 
N(f) is closed and the difference space U—N(f) (with elements a, for a € M) 
is a Banach space under the norm 

infyencp||a + 5}. 
We shall call N(f) the reducing ideal of /. 
Definition 3.2. Suppose that a — 7, is a homomorphism of A into an algebra 


of operators on a BIP-space. Then we shall call the homomorphism a 
*-homomorphism if and only if for alla © A, T,* = T,* and T, = J. 


LemMA 3.3. Let f be a real functional on % with |\f\| < 1 and let N(f) be 
the reducing ideal of f. Then U — N(f) is a BIP-space and there is a norm- 
reducing *-homomorphism of % onto a self-adjoint algebra of bounded operators 
on M — N(f). The kernel of this homomorphism is contained in N(f). 

Proof. For a, b€ A, we define (a,, b,) to be f(b*a). If c, dE N(f), then 


f((b + d)*(a + c)) = f(b*a) + f(a*d)* + f((b + d)*c) = f(b*a). 


Therefore (a;, b;) is independent of the representatives from a, and by. 
Since f is linear, 


(ay + Nb,, Cy) = f(c*a) + Af(c*b) a (dy, Cy) T A(by, Cy). 
Since f is a real functional, 
(ay, by) = f(a*b)® = (by, a;)°. 


If (ay, by) = O for all b € A, then f(ca) = O for all « % and consequently 
a, = 0. If ¢ © azandd € by, then 


(a,,b,;)| = f(d*c) < d iC}. 
Therefore 
(ay, by) < ||@y lib; ‘ 
Since % — N(f) is a Banach space, it follows that it is a BIP-space. 


For b, = c;, we have (ab), = (ac); since N(f) is a left ideal. Therefore we 
can define an operator on & — N(f) by T7,(b,) = (ab), for each a€ &. 
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Since 
(ab) ¢|\| = infancp|lab + c\| < infawcp||a(d + ¢)|| < |lallinfawcpilb + ¢ 
= |/a|| ||b,||, 
we conclude that ||7,|| < |la\|. Since 
(T,(b,), cy) = f(c*ab) = f((a*c)*b) = (by, Tye(c,) 


we conclude that the mapping a — 7), is a *-homomorphism. 

Finally if a is not in N(f), then 7,(e,) = a, # 0 and therefore 7, # 0. 
This means that the kernel of the homomorphism is contained in N(f) which 
concludes the proof. 


When necessary to avoid confusion we shall denote 7, by 74,. 
LEMMA 3.4. Let S be a set of real functionals f satisfying ||f\| < 1. Let 


X= DA -— Vf). 
fed 
Then there is a norm-reducing *-homomorphism of A onto a self-adjoint algebra 
of bounded operators on X% with kernel contained in C\, sN(f) 


Proof. Kor a © A, define T, on ¥ by (T, x) (f) = Tyap(x(f)) for all f © S, 
v © X. A straightforward check shows that a — 7, satisfies the stated con- 
ditions. 


THEOREM 3.5. lf & has an essential involution (i.c., for each a © & there is 
a positive functional f with f(e) < 1 and f(a*a) > 0), then there is a norm- 
reducing *-isomorphism of A onto a self-adjoint algebra of bounded operators on 
a ITilbert space 


Proof. Let S in Lemma 3.4 be the set of all positive functionals / satisfying 
f(e) < 1. Then the mapping a— 7, of Lemma 3.4 is a norm-reducing 
*-isomorphism of A onto a self-adjoint algebra of bounded operators on a BIP- 
space ¥. Moreover, the inner product in & is positive definite. By Lemma 2.2 


sup,so (7, x, Tq x)/(x,x) < ||Te*T|| < ||a*al| < |lal|? 
Therefore each 7, can be extended to a bounded operator on the completion 


of ¥ in the Hilbert space norm. 


THEOREM 3.6. Let & be a *-algebra. Then there is a BIP-space % and a 
norm-reducing *-isomorphism a — T, of X% onto a self-adjoint algebra of bounded 
operators on X% which satisfies \\T,|| = |\h\| for each self-adjoint h © &. 


Proof. Suppose that h is self-adjoint. Let g be a linear functional on 
satisfying ||g|| = 1, g(h) = ||h||. Let f(a) = $(g(a) + g(a*)*) for each a © &. 
Then f is a real functional and ||f|| < 1 since 


f(a)| < $(al| + {la*||) = |\a 
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For arbitrary a € N(f), we have ||h|| = f(h) = f(h + a) < ||hk + a||. There- 
fore ||hk,|| = ||k||. Let S in Lemma 3.4 be the set of all real functionals with 
norm at most 1. Define x € ¥ by 


x(f)=e,, x(f’) =9, fie Sf’ #f. 


Then ||x|| < 1 and ||7,|| > |!T,(x)|| = ||Ta.7 (e,)|| = [hp] = ||h||. Therefore 
a — T, is norm-preserving on self-adjoint elements and all that remains is to 
prove that it is 1:1. 

To this end suppose 7, = 0. Let a = h + ik with h, & self-adjoint. Then 
Tx = T, + TZ =0 and Tx = 7T_i + 72%. = 0. Therefore h = k = 0 and 
consequently a = 0. 


Remark 1. The restriction that & has an identity element can be removed. 
This can be seen by using the standard imbedding of & in an algebra B with 
an identity element. & consists of all ordered pairs (A, a) for \ complex and 
a € A. The operations in B are defined as if (A, a) were \ + a, (A, a)* 
(A°, a*), and |/(A, a)|| = JA] + Ila 


Remark 2. We can remove the requirement that & be complete if we re- 
linquish the requirement that ¥ be complete. 


Remark 3. A purely algebraic analogue of Theorem 3.6 holds. In this case 
we let &¥ be the finite direct sum of the % — N(f)'s for all real functionals 
f. 

Remark 4. Finally we indicate a method of obtaining the Gelfand-Neumark 
result from our considerations. Let & be a C*-algebra (i.e., YW is a *-algebra, 
\|a*a|| = ||a||?, and (e + a*a)—' exists for each a € WM). It is known that this 
last condition is superfluous (8). The proof consists of (1) showing that the 
involution in & is essential, (2) appealing to Theorem 3.5, and (3) showing 
that the isomorphism of Theorem 3.5 is automatically norm-preserving. Except 
for a minor modification in the method of showing that the 7,,’s are bounded 
this is the Gelfand-Neumark proof. 

The necessity of demonstrating (3) can be removed if we strengthen (1 
Suppose a € A&A. Fukamiya (2, Lemma 5) has shown that there is a positive 
functional f satisfying f(e) = 1, f(a*a) = |\a||*. Define x € ¥ by x(f) =e, 
and x(f’) = 0 for f’ € S, f’ # f. Then 

sup, so ((Tey, Tay)/(y.y)) > (Tex, Tax) 
= (Tyyes, Teyes) = (az,a;7) = f(a*a) = |\a)|?. 


Therefore the mapping of Theorem 3.5 is norm-preserving. 


4. Representations. A preliminary study of *-algebras indicates that many 
representations are pathological. We shall limit ourselves to the consideration 
of a more tractable case. Throughout this section & will be a *-algebra satis- 
fying ||a*a|| > K |la||? for some K > 0. By a representation of 4% we shall 
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mean a continuous *-homomorphism a — 7, of &% onto an algebra of bounded 
operators on a BIP-space. We shall call the representation irreducible if and 
only if X has no proper subspaces invariant under each 7,. Finally we shall 
call a set of representations complete if and only if for each 0 # 6 © W there isa 
representation a — T, in the set for which 7, + 0. 


LemMA 4.1. Jf L is a proper left ideal in UA, then the closure of L + L* does 
not contain e. 


Proof. By using a result of Arens (1, Theorem 1) concerning the represen- 
tation of closed commutative *-subalgebras of W, it is easy to see that (1 
every self-adjoint element has a real spectrum and (2) ifh © Hand |\|h — e|| <1 
then there is a k € H such that k' exists, kh = hk, and k? = h 

Now suppose e is in the closure of L + L*. Then there are x,, y, © L such 
that x, + ys ce. Then z, = $(x, + y,) € L and 2, + 2 —e. Pick m such 
that |le — (zg, + 2%)|| < 1. Let z,, = Ay + ihe with hy, he € H. Let h = 2h, 
= $.. zy. Pick k as in (2). Since k~'(2h.)k-' © H we conclude by (1) that 
ie — k—'(2he)k~' has an inverse. It follows from this that 


(k(e + tk-'(Qhe)k-')k)-' 
exists. However, 
R(e + tk-'(Qhe)k-')k = k® + i2hs = 2(h, + the) = 22,,. 
Therefore z,,~' exists which is a contradiction since z,, © L. 


LEMMA 4.2. If L is a proper left ideal in UA, then there is a nonzero bounded 
real functional f on % such that L € N(f). 


Proof. (L + L*) (\ H is a (real) subspace of H which is non-dense by 
Lemma 4.1. Using the Hahn-Banach theorem, pick a nonzero bounded (real 
linear functional on H which vanishes on (L + L*)(\H. Let f be the extension 
of this functional to &. For a € L, the self-adjoint components of a are in 
(L + L*) (\H. Therefore f(a) = 0. Since L is a left ideal, we conclude that 
LC N(f). 

It should be noted that if M were a C*-algebra then we could require / 
to be a positive functional (6, p. 86). 


THEOREM 4.3. % has a complete set of irreducible representations. 


Proof. X is semi-simple (7, Theorem 5.2). Therefore the intersection of the 
set -@ of maximal left ideals in & is 0 (4, Corollary 1, p. 485). Suppose 0 
b€ YA. Pick M €-@such that b ¢ M. By Lemma 4.2, there is a bounded real 
function f on & such that M = N(f). The representation a — T, associated 
with f is irreducible since a subspace of % — N(f) invariant under each 7, 
must come from a left ideal of & containing M/. Since the kernel of this 
representation is contained in M, T, # 0. 
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ON COUNTABLY PARACOMPACT NORMAL 
SPACES 


M. J. MANSFIELD 


1. Introduction. A. H. Stone (9), E. Michael (3, 4), J. L. Kelley and 
J. S. Griffen (2) have established many necessary and sufficient conditions 
that a regular Hausdorff space be paracompact. It is the purpose of this note 
to show that if the word “countable” is inserted in the appropriate places 
in the above-mentioned conditions they become, in general, necessary and 
sufficient conditions that a normal space be countably paracompact. Making 
use of one of these conditions, countably paracompact normal spaces are 
identified as a natural generalization of fully normal spaces. 

The following terminology will be used throughout this note. Let X be a 
topological space. A collection ® of subsets of X is said to be a covering of X 
if UJR:R © R} = X.1f Rand Sare coverings of X, then © is a refinement! 
of ® if each member of S is a subset of some member of ®. A collection ® 
of subsets of X is closure-preserving if for each S C ® we have 


Uis-:S « S| = (UiS:S € S}) 

The collection ® is locally finite if each x © X has a neighborhood meeting 
only a finite number of members of ®; star-finite if each member of R meets 
only a finite number of members of ®; discrete if each x X has a neighbor 
hood meeting at most one member of ®. M is o-closure-preserving (resp 
a-locally finite, resp. o-discrete) if R is the union of countably many closure- 
preserving (resp. locally finite, resp. discrete) subcollections. 

An open covering ® of a topological space X is said to be even if there is a 
neighborhood U of the diagonal’ in the cartesian product space X X X such 
that for each x © X the set 


U[x] = {ly € X: (x,y U} 
is a subset of some member of R. If R and S are open coverings of X, then 
S is said to be a star refinement of ® if for each x © X the set 

St(x,S) = Ujs x € S} 


is a subset of some member of ®.” 


AY] 


Received August 15, 1956. Presented to the American Mathematical Society, April 14 
1956. This note is based on part of a thesis written by the author under the direction of Pro- 
fessor Melvin Henriksen and accepted by Purdue University in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 

'The diagonal in X X X is the set {(x,x):x € X} 

*Our usage of “star refinement,’’ which follows (2, Exercise 5.U), differs from that of 
Tukey (10). Tukey refers to our “star refinement” as a “‘A-refinement,"’ reserving the words 
“star refinement” to describe a slightly different concept 
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Finally, a topological space X is said to be countably paracompact if each 
countable open covering of X admits a (countable) locally finite open refine- 
ment. A topological space X is fully normal if each open covering of X admits 
an open star refinement. 

Throughout the sequel the letter i, 7, or & will always stand for a variable 
which runs over all the natural numbers. 


2. The Theorem. We shall frequently need the following two well-known 
theorems. Theorem | is due to Dowker (1, Theorem 2); Theorem 2 is due 
to Morita (6, Theorem 3). The reader is referred to the original papers for 
the proofs. 


THEOREM | (Dowker). The following properties of a normal® space X ar 
equivalent: 

(a) The space X is countably paracompact. 

(b) Every countable open covering | U,| of X admits an open refinement | V ;| 
with V7 C U;. 

(c) Given a decreasing sequence | F,} of closed sets with a vacuous intersection, 
there is a sequence |G,} of open sets with vacuous intersection such that F, C G 


THEOREM 2 (Morita). Jf G = {G,} is a countable open covering of a normal 
space X, and if there exists a closed covering § = {F,} of X such that F, C G,, 
then ® admits a countable, star-finite, open, star-refinement. 


In his statement of Theorem 2, Morita has the additional hypothesis that 
X be a 7\-space; this hypothesis, however, is not used in the proof. 


Remark. It follows at once from Theorem 2 and condition (b) of Theorem | 
that a normal space X is countably paracompact if and only if each count- 
able open covering of X admits a (countable) star-finite open refinement. 

We are now ready to state and prove the main theorem of this note. It 
should be remarked that some of the implications involved in the theorem 
are well known. 


THEOREM 3. Jf X is a normal space, then the following statements are equi- 
valent. 

(a) The space X is countably paracompact. 

(b) Each countable open covering of X admits a countable, locally finite, closed 
refinement. 

(c) Each countable open covering of X admits a countable, closure-preserving, 
closed refinement. 

(d) Each countable open covering of X admits a a-discrete closed refinement. 

(e) Each countable open covering of X admits a a-locally finite closed refine- 
ment. 


3In our terminology a normal space need not be a Hausdorff space. 
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({) Each countable open covering of X admits a o-closure-preserving closed 
refinement. 

(g) Each countable open covering of X admits a countable, open, star refine- 
ment. 

(h) Each countable open covering of X is even. 

(i) For each countable locally finite collection |A,\ of subsets of X there is a 
countable, locally finite collection {G,} of open subsets of X such that 
A,C Gi. 


Proof. The pattern of proof is (a) — (b) — (c) — (d) — (e) — (f) — (g) = 
(h) — (a) — (i) — (a). 

(a) implies (b): Let R = [R,} be a countable open covering of X. We 
shall show that ® admits a countable, locally finite, closed refinement. Since 
X is countably paracompact, there is a locally finite open refinement S = {S,! 
of R such that S,; C R, (1, proof of Theorem 1). By Theorem 1 (b) there is 
an open covering T = {|7,} of X such that 77 C S;. Evidently § = {77} is 
a countable, locally finite, closed refinement of ®. 

(b) tmplies (c) and (e) implies (f): A locally finite collection of subsets 
is closure-preserving. 

(c) implies (d): Any countable collection of subsets is ¢-discrete. 

(d) implies (e): A discrete collection of subsets is locally finite. 

(f) implies (g): Let R = {R,} be a countable open covering of X. We 
shall show that ® admits a countable, open, star refinement. By (f), R admits 
a o-closure-preserving closed refinement S = U G.. For each pair of positive 
integers 7, 7 let 

T,, = UlS € S$,:SC Rj. 
Since each S € © is closed and G, is closure-preserving for each j, we conclude 
that T;,, is closed. 

For each 7 and any j, 7;,; C R;. Moreover if x € X, then, since © is a 
covering, there is an integer j and a set S € GS, such that x € S. Since Gis a 
refinement of 9, there is an integer i such that S C R;. Therefore, x © T 
Consequently T = {7;,,} is a closed refinement of M. 

The family T is countable and therefore can be indexed by the natural 
numbers, say XT = {7;,}. Since TF is a refinement of ®, for each positive 
integer k there is an integer 7, such that 

T, C Ry. 
Let 

U, = Ry 
and U = {U,}. Then U is a countable open covering of the normal space X, 
and & is a countable closed covering of X such that 7, C U,. Therefore, 


by Theorem 2, Ul admits a countable, open, star refinement 8. Obviously 8 
is also a star refinement of 9. 
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(g) implies (h): We shall show that if an open covering ® of a topological 
space X admits an open star refinement, then ® is an even covering (2, 
Exercise 5.U). Let S be an open star refinement of ®,and put V = Uisxs: 
S € S}. Clearly V is a neighborhood of the diagonal in X X X. 

If x € X, choose R, € R such that St(x, S) C R,. If y € Vix] then, by 
definition of V, there is an S € © such that x € S and y € S. Therefore 
y € St(x,S) C R,. Hence V[x] C R,. Consequently ® is an even covering 
of X. 

(h) implies (a): Let R = {R,} be a countable open covering of X. We 
shall show that ® admits a star-finite open refinement. It will then follow 
from the Remark above that X is countably paracompact. 

By hypothesis, there is a neighborhood U of the diagonal in X K X such 
that {U[x]:x © X} isa refinement of ®. Let 

U-' = {(x, y) AXA 2 (9,28) € Ui, 
and let V = UNuU-. Evidently V is a symmetric neighborhood of the 
diagonal in X X X;i.e., V is a neighborhood of the diagonal with the property 
that (x,y) € V if and only if (y, x) € V. 

For each positive integer 7 let S; = {x € X : V(x] C R,}. Evidently {S,! 
is a refinement of ®R such that S; C R;. If x © S7, then, since V[x] is a neigh- 
borhoed of x, V[x] f}S: ¥ ¢, say y V(x] TS: Since y € S;, Vi[y] C Ri: 
but since y € V[x] and V is symmetric, we conclude that x € V[y] C R,. 
Hence Sz C R;. By Theorem 2, ® admits a star-finite open refinement. Hence 
X is countably paracompact. 

(a) implies (i): Let {A,} be a locally finite collection of subsets of X. We 
must find a locally finite collection {G,;} of open sets such that A; C G,. 

Let F, = U{A;z: p > k}. Since {A,} is locally finite, F, is closed for each 
k. Moreover F; ) Fy4; and Az C F;. 


Now if x © X, then x belongs to only a finite number of the A7, say 
A iyoeeey Au, 
Set 
m, = 1 + max{1,..., t,}. 


Then fork > m,,x ¢ Ay. Hence 


a 
> 


Therefore f} F. = ¢. 

Since X is countably paracompact and normal, we may apply Theorem 
1 (c): there is a sequence {H,} of open sets such that F, C H, for each k 
and f} i = ¢. 

Now F,; C H,. Since X is normal, there is an open set G; such that 
F, C G; C G;- C M,. Proceeding inductively, suppose that for each positive 
integer p < m open sets G, have been defined such that G; D G:D...D G,, 
and such that 

r.CG.CG CH, (p = 1,2,...,m). 


—— 
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Now Fy4, C F, C G, and F,4; C AHyyi. Therefore F,,, C G, C\ Hy. By the 
normality of X, there is an open set G,,,; such that 


Fat te Guo a G~. il G, C\ Fins 1- 
Consequently Fy4; C Guar C Grai C Hai and Gy C G,. 
We shall now show that {G;,} is locally finite. If x X. then, since NM d, 

there is an mn, such that 

s €... 
Hence, since 

H,, DGs, = €Gq.. 
Therefore there is a neighborhood V, of x such that 
VG, = ¢. 

Consequently, if k > n,, then V,(\G, = ¢, because 

Gz C G,.. 


Therefore V, meets at most 


Hence {G,} is locally finite. 

Finally, for each k, Ay C Az C F; C Gy. 

(i) implies (a): Let R = {R;} be a countable open covering of an arbitrary 
space X. Put S; = UIR, :p=i,...,t}; let A; = S,; and A, = S,—S,., 
(i = 2,3,...). Evidently A, C R, for each 7. If x X, then x R, for 
some 7. If 7, is the smallest such 7, then 


s © #.z. 


Hence A = {A,} is a refinement of ®. Finally, observe that R; OA, = ¢ if 
j > i. Hence & is locally finite.‘ 

Now if X satisfies (i), then there is a locally finite collection {G,;} of open 
sets such that A, C G, for each 7. Let U; = R;C\G,. If x X, then, for 
some i, x € A, But A; C R, and A, C G;,. Hence x RVG, = U,. There- 
fore U = {U,} is an open refinement of ®. Moreover, U is locally finite: 
NC\ U, # @ implies N (\ G,; # ¢. Hence UW is a locally finite open refinement 
of ®. Therefore X is countably paracompact. This completes the proof of 
Theorem 3. 

it is well known that if a topological space X satisfies condition (g) of 
Theorem 3, then X is normal (10, Chapter V, §§ 3.2, 4.1-4.5). Hence countably 
paracompact normal spaces are obtained as a generalization of fully normal 
spaces in the following natural way. 


COROLLARY. A topological space X is countably paracompact and normal 
if and only if each countable open covering of X admits a countable, open, 
star refinement: 


‘This construction of 9% is due to Michael (3, Lemma 2). 
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3. Remarks. The word ‘‘closed"’ in conditions (d), (e), and (f) of Theorem 3 
cannot be replaced by “‘open’’: a countable open covering of an arbitrary 
space is a o-discrete (and hence g-locally finite and o-closure-preserving 
refinement of itself. Thus the validity of Theorem 3 with ‘‘closed"’ replaced 
by “‘open’’ in conditions (d), (e), and (f) would imply that every normal 
space is countably paracompact. Dowker (1) has given an example of a 
normal (albeit mot Hausdorff) space which is not countably paracompact. 

The word ‘‘closed’’ in condition (c) of Theorem 3 cannot be replaced by 
‘open”’: the example due to Dowker referred to above has the property that 
every collection of open subsets is closure-preserving. It may well be, however, 
that a normal Hausdorff space is countably paracompact if and only if each 
countable open covering admits a (countable) closure-preserving open refine- 
ment. 


The proof that (i) implies (a) in Theorem 3 shows that a countable open 
covering of an arbitrary space admits a locally finite refinement. Hence the 
following assertion is false: A normal space X is countably paracompact il 
and only if each countable open covering of X admits a locally finite 
refinement. 


4. Some applications. Using conditions (b) and (d) of Theorem 3, it can 
easily be shown that every F,-subset of a countably paracompact normal 
space is countably paracompact (and, of course, normal (8)). The proof is 
analogous to that of (3, Proposition 3). Similarly, conditions (b) and (d) can 
be employed to show that if a topological space X is the union of a locally 
finite collection of closed, normal, countably paracompact subspaces, then X 
is countably paracompact and normal. (This result is not new. See (5, Theorem 
8.2 ff.); observe that a locally finite closed covering of a space X dominates X.) 

It follows from Theorem 3 (g) and a result due to Shirota (7, p. 23) that 
the family @ of all countable open coverings of a countably paracompact 
normal space X is a base of a uniformity for X in the sense of Tukey (10). 
In the Weil-Bourbaki version of uniformity (2, Chapter 6), this means that 
the family {V(M) : R < @}, where V(M) = U[RXR:R € RI, is a base 
of a uniformity for X. 
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GAMES ON A COMPACT SET 
J. E. L. PECK and A. L. DULMAGE 


1. Introduction. Von Neumann's fundamental theorem of the theory of 
games has been extended by various authors and recently in two different 
directions by Kneser (8) and Nikaidé (9). We present here a form of the 
theorem, which is more general than that of both these authors. We develop 
some consequences of this theorem, which make it easier to decide whether 
certain classes of games have a value and we give several illustrative examples. 


2. The fundamental theorem. Our theorem concerns the following 
situation: X is a convex subset of a real linear space, Y is any subset of a real 
linear space and Y is the convex set generated by Y. A real function f is defined 


on X X PF and f(x,y) is a concave function of x € X and a convex function 
of y © V:i.e., for 0 < \ < 1, we have both 


f(Ax1 + (1 — A)xo,y) > Af(x1.y) + (1 — ADS (x2,y) 


and 


f(x,Ayi + (1 — Adve) < Af (xy) + (1 — A) Sf (x,y). 


THEOREM |. Jf X is compact in a topology (no separation axiom is assumed) 
which 1s such that for every y © Y, f(x,y) is an upper semi-continuous function 
of x, then 


sup... cx int , yl) > m, cf sup . ce I (x,y). 


To prove this theorem we follow the procedure of Kneser (8) and establish 
the following 


LemMA. Jf {fi,...,fn} is @ finite set of real concave functions, which are 
upper semi-continuous on a compact, convex set K, and if for ail x € K, 
Mini<e<nf (x) < 0, then there is a mean 


g=>, Ado DD M=1,A>O, fe n 
i= 1 
such that for all x © K, g(x) < 0. 


We prove the lemma first for two concave upper semi-continuous functions 
f and g defined on the compact convex set K, such that min(f(x),g(x)) < 0. 
Let F = {x : f(x) > 0} and G = {x : g(x) > 0}. These subsets are compact 
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and disjoint. If F, or G, is void, the proof is trivial. We thus assume that 
both F and G are not void. 


From the hypothesis of upper semi-continuity we may find p € F and 
gq € G such that 


(1) max, ¢ pf(*)/— a(x) = f()/— ap) =a > 0, 
(2) max, — ¢ &(*)/— f(x) = g(9)/— f(g) = B> 0. 
Since f(p) > 0 and f(qg) < 0, we may find p > O and o > Osothat p+o¢ = 1 


and pf(p) + of(q) = 0. Because f is concave f(pp + og) > 0, whence by hypo- 
thesis and the concavity of g, 


pe(p) + og(g) < g(pp + og) < 0. 
Thus using (2) and (1), 
pe(p) < — og(q) = oBf(¢g) = — pBf(p) = paBg(p). 


But p > 0 and g(p) < 0 so that a8 < 1. Now choose y > a, 5 > 8 so that 
yé = 1 and put 


A= (1 + yy)? = 601 + 6)"', wn = y(1 + 7) = (1 + 8)" 
Then if x € F, we have f(x) > 0, g(x) < 0 whence 
Af (x) + wg(x) < (uw — Aa)g(x) = (y — a) (1 + y)~'g(x) < 0. 


Similarly, Af(x) + ug(x) < 0 if x € G. If x ¢ F and x ¢G, the statement is 
trivial. 

To extend this to m functions f;,..., fay we put F = {x : f,(x) > 0}. The 
set F is compact and convex. Supposing the theorem true for the functions 


| ape: f,,; on the set F, we have 


n—1 


h = wifi tt... + wn—tfe—r, = “a, = 1, us > O, fg eee n— l, 
i=1 
such that for all x € F, h(x) < 0. Since a mean of concave upper semi-con- 
tinuous functions is concave and upper semi-continuous, we may apply the 
case nm = 2 to the functions f, and h on K to obtain g = Ah + uf, such that 
for all x € K, g(x) < 0. Putting 


Ay = Aus e=zil,...,"8-—1 
and \, = uw we have 
g=>, Ado D w= 1 ADO, er n. 
i=] f=1 


This completes the proof of the lemma. 
To prove Theorem 1, put 


(3) v= a, c pUP,. cx fy). 
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We shall establish that 


(4) E| | -» S(x,y) > v. 


Suppose (4) is not true, then 


(5) Vv — -» S(x,y) <v. 


xEX “ye } 
Put G, = |x : f(x,y) < v}, then by (5) and the hypothesis, {G,:y € Y} is 
an open covering of X. Because X is compact, we may select y;,...,¥, © Y 
so that 


X =G,,U...UG,,. 
Thus 


V 


x € "4 c ‘4 ai’ T(XY1) < v, 


so that the functions f;(x) = f(x,y;) —v,i=1,..., n satisfy the hypothesis 
of the lemma. For some 


we therefore have 


f(xy) < : Af (x.yi) < v. 


» 
‘ 
wrt 


However > \,f(x,y,), being an upper semi-continuous function of x © X, 
achieves its maximum. This is a contradiction of (3) so that (4) is true. 
But (4) means that 


> inf 
y 4 


sup... eX (xy) pv= aa ~. sup. , > f(x,y). 


} } X° 


We have immediately two corollaries. The first is a consequence of the 
well-known inequality 


(6) sup, x - ply) < oT " sup . ck f(x,y), 


and the second is a consequence of (6) and the fact that if f(x,y) is linear 


in y € Y, then 


ant ploy) = inf | P pl (*y). 
Coro.iary 1. /f Y = Y, then 
sup . cx -_ , ply) = =. psup.. ‘ gly). 


CorOLLary 2. If f(x,y) is linear in y © Y, then 


sup. ct oat ply) = ont pp. xr f(x,y). 


ck x: 
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The first corollary generalizes both the theorems of Kneser (8) and Nikaid6 
(9). Our referee points out that it is the theorem of Pettis (10, Theorem 5) 
and was observed by Kuhn in his review of Kneser’s paper for Mathematical 
Reviews (14, 301). In the following section we exploit Corollary 2. 

We show now that both the above corollaries generalize a theorem of 
Karlin (7, Theorem 3). We write f,(y) = f(x,y) and F = {f,:x € X}. We 
define a mapping T from X onto F by Tx = f,, and we put (y,Tx) = f(x,y). 
We introduce on F a topology § which is generated by the sub-base 

[{Tx: (y,Tx) <a}:y € Y,a © reals}. 
We shall say that the mapping T is weak/y compact if the range F of T is 
compact in the topology §. Since 


[Tx : (y,Tx) <a} = {f.: f(x,y) < a}, 


it follows that the set F is §-compact if and only if the convex set Y is compact 
in the topology ¥ generated by the sub-base 

i {x : f(x,y) <a} :y ¢ Y,a € reals}. 
We thus have that X is ¥-compact if and only if T is a weakly compact 
mapping. However % is a topology for Theorem 1, so that the hypothesis of 
Theorem | is equivalent to the statement that T is weakly compact. 

In this form we may see that Theorem 1 and its corollaries generalize the 
theorem of Karlin cited above, for Karlin assumes that VY = Y, that f(x,y) 
is linear in y and that T is weakly compact using a topology which is finer 
than § and is therefore weakly compact in the above sense. 

The next theorem shows that it is possible to determine whether a game 
has a value, by examining another associated game. 


THEOREM 2. If f is a function defined on X X Y and if for each y < Y there 
exist numbers o(y) > 0 and W(y) such that X is compact in a topology in which 
forally € Y, g(x,y) = o(y)f(x,y) + v(y) is a concave upper semi-continuous 
function of x, then 


sup. cx me pl(xy) = ont pup,» S(x,y), 


where f is extended to X X Y by linearity in y. 
Since the set 
(x: g(x,y) <a} = {x : f(xy) < — oly) + a/oly)}, 


X is also compact in a topology such that for each y € Y, f(x,y) is an upper 
semi-continuous function of x. The theorem therefore follows by Corollary 2. 
If the function f is such that for each y € Y, 


(7 — @ f ~ f(x - Zz. o, 
‘) < int cx sy) < sup git y)< t+ 
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then $(y) and ¥(y) can be chosen so that for each y € Y, 
sup. cx g(x,y) = land inf eX g(x,y) = 0. 


ar a > ° . = “ inn 
Thus a game (X, Y,/) satisfying (7) has a value by Corollary 2, if and only 
if a certain associated normalized game (X, Y, g) has a value by Corollary 2 


3. Special cases. If the hypothesis of Theorem | is restricted further, 
we obtain the following, which is a generalization of the theorems of Choquet 


(3), Ville (11) and Wald (12). 


THEOREM 3. If X is a compact Hausdorff space, Y is any set and f is a real 
function on X X Y,whichis such that for each y, f(x,y) is a continuous function 
of x, then 

sup ¢ inf, f(é, 7) = inf, sup ¢ f(&, ») 
where & ranges over the normalized measures on the Borel subsets of X, n ranges 
over the finite mixtures 


n 


> > Ye» > m = l,m > 0, wb, .. 6, n 
k=l k=l 


and 
fin) => mo \, Sf (x,yx dE (x). 
k=l JZ 


This is a consequence of Theorem 1. Let C(X) be the Banach space of all 
continuous real functions on X, and C*(X) its conjugate space. The space X 
of normalized measures on the Borel subsets of X is a closed convex subset (6) 
of the weak* compact unit sphere in C*(X). This is a topology such that 
if @ € C(X) then ¢(é) = Sede is a continuous function of £, so it follows 
that f(é,y) = S xf (x,y)dé(x) is a continuous function of ¢. The hypotheses of 
Theorem 1 and its Corollary 2 are therefore satisfied. 

The same theorem may be rephrased in the following form. 


THEOREM 3’. If F is a subset of the space C(X) of real continuous functions 
on a compact Hausdorff space, if F is the convex set generated by F and X is 
the set or normalized measures on the Borel subsets of X then 


SUP, x mo PF fy fdt= mt 6 psu, c xs). 


We may weaken the hypothesis of the compactness of X if we restrict the 
pay-off function. Thus we obtain 


THEOREM 4. Jf X is a locally compact Hausdorff space, if Y is any set and 
if f is a function on X X Y such that for each y € Y, there is a number m(y) such 
that f(x,y) — m(y) is a non-negative continuous function which vanishes al 
infinity, then 

sup; inf, f(é, 7) = inf; sup, f(&, 9 
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where § ranges over the normalized measures on the Borel subsets (5) of X, 9 
ranges over the finite mixtures 


n ” 
7=>d Ye, > m = l,m > 0, | 3 See n 
k=l k=l 
and 
(En) = > m | >I (x,y, )dé (x). 
wl woX 
To prove this theorem we let X,. = X \U|@} be the one-point com- 


pactification of X and we define f(@,y) = m(y). The hypothesis of Theorem 3 
is therefore satisfied for f on X,, X Y. We thus have 


(8) SUP, | om wnt pl (én) = me ? SUP, oO S(&m), 


where X ., is the set of normalized measures on the Borel subsets of X , and 
[(&,) is defined as above with the integral taken over X ,. Let X be the set 
of normalized measures on the Borel subsets of X. We shall prove that 

(9) sup, > inf f(ém) > sup, _»_ inf f(é»), 

from which the result follows by using (8) and (6). 

Let ¢ € X.. be chosen arbitrarily and suppose that ¢(X) -- 6. Choose any 
t’ © X and define & by &(E) = (1 — 6)#’(E) + ¢(E) for every Borel subset 
E of X. Then because @ < 1 we have thatt © Y¥,and that forall E,¢(E) < &(E). 
Now put 


g(x,y) = f(x,y) — m(y). 


Since g(x,y) > 0 and g(@,y) = 0, we have that 


vi, € y’ a g(x,y)d E (x) > & g(x,y \d c (x) = ty a g(x,y)d rt (x). 
Thus 
Ve cre Ace Vyc yp: SG) >SG0), 
and therefore 
V. Le i, cx’ - y ps en) > =, pin), 


whence we may obtain the statement (9). 
If in the above we suppose, for simplicity, that for all y, m(y) = 0, we 
have the following analogue of Theorem 3’: 


THEOREM 4’. Jf C(X) is the space of continuous real functions which vanish 
at infinity on a locally compact Hausdorff space X, if F is a subset of C(X) 
consisting of non-negative functions, and F is the convex set generated by F, 
then 
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, ae it =; Se oe 
sup, eX ae F ‘. fag inf, pup, x/). 


We note that in Theorem 4, if X is a set with its discrete topology, then 
we obtain the theorem of Dulmage and Peck (4). 


4. Examples. We now give some examples to illustrate the results obtained 
above. The first example shows the usefulness of Theorem 1, Corollary 2, in 
determining whether a game has a value. What is significant is that, in investi- 
gating the compactness of the space of mixed strategies X, it is not necessary 
to consider the upper semi-continuity of f(x,y) for a/l mixed strategies y, but 
only for pure strategies y © Y, This means that we are examining X in a 
weaker topology. Indeed it may happen that XY is compact in this weaker 
topology and not compact in the topologies considered by Kneser (8) and 
Nikaid6 (9). The following example illustrates this situation. 


Example 1. Two persons each choose a natural number, say m and n. If 
m =n the pay-off is 2”, otherwise it is zero. The spaces of pure strategies 
X and Y are thus the natural numbers and the spaces of mixed strategies 
X and F are probability distributions on X and Y respectively. The pay-off 
function is f(m,n) = 2”6,,,,, which when extended to mixed strategies is 


f(x,y) = >> > 2 bm.nXm¥n =D, 2x 
m= 1 n=! i=] 
We show that X is not compact in the weakest topology such that for all 
y € ¥, f(x,y) is an upper semi-continuous function of x. 
Let y™ = (0,0, ...,0, 3, 3,4, ...] Y where the weight on the first n 
coordinates is zero. Then for each x € XY we have 
f(x,y) = 2" (Xn41 + Xne2 + Xena tt...) 
Let G, = {x: f(x,y) < 2"}, then each G, is an open set in the topology 
considered. But since G, = [{X: X41 + X42+ ... <1} the family 
{G,:n = 1,2,...} is an open covering of XY which has no finite sub-covering. 
However, we must also show that FY is not compact in the weakest topology 
such that for all x € X, f(x,y) is a lower semi-continuous function of y. But 
this is simple, since if 


H, = {y: f(m,y) > 0} = {y: 7, > 0}, 


then {H,,:m = 1,2,...} is an open covering with no finite sub-covering. 

The compactness of X (and of VY) thus fails in the stronger topology used 
by Kneser and Nikaido. However it is not difficult to show that X is compact 
in the topology of Theorem 1. As a matter of fact, this game has a value, also 
because of Theorem 4, or the theorem in (4). The value of the game is one. 
Example 1 does not satisfy the hypothesis of the theorem of Blackwell and 
Girshick (2, Theorem 2.3.3). 





all 


GAMES ON A COMPACT SET 157 


A more interesting example, similar to the above, which does not satisfy 
the hypothesis in (4), but does have a value by Theorem 4 is the following. 

Example 2. Two players each choose a real number, say x and y, and the 
pay-off is f(x,y) = w(x — y)e”, where ¥(s) = 1 — |s| for |s| < 1 and ¥(s) = 0 
for |s| > 1. The value of the game is zero. If the game is played over the 
quadrant x > a, y > a, its value is positive and lies between }e*~' and e**'. 

The third and fourth are examples of simple games, both of which satisfy 
the conditions of Theorem 1, (both have the value zero) but which do not 
satisfy the hypotheses of the theorems of Karlin (7, Theorem 3 and remark 


1), Berge (1, § 25), and Wald (13). 


Example 3. Both X and Y are the closed interval [0,1] and f(x,y) = 1 if 
x=Yy, f(x,y) =OQifx + y. 


Example 4. Both X and Y are the sets of natural numbers and the pay-off 
function is the same as in Example 3. 

Example 4 is the associated normalized form of Example | in the sense 
of Theorem 2. 

The fifth is an example which shows that Theorem | still has its limitations. 
This is a game which does not satisfy the hypothesis of Theorem 1, but 
satisfies the hypotheses of the theorems of Blackwell and Girschik (2, Theorem 
2.3.3), and Wald (13). Moreover the operator T is completely continuous 
in the sense of Karlin (7, remark 4). 


Example 5. The sets of pure strategies X and Y are the natural numbers 
and the pay-off function is f(m,n) = 1 for m >n, and f(m,n) = 1 — 2- 


- 


for m <n. We show that neither XY nor FY are compact in the topology of 
Theorem 1. Let 
G, = {x:f(xn) << 1—2™"}. 


Given x € X we may choose n so that >>>, < 27", whence 


f(x,m) = $x, + x2 t+... + (1 — 2° anes + D montn < (1 — 2°) 


Therefore {G, : = 1,2,...} is an open covering of X. However if x is the 
nth pure strategy x = nm, we have for j < m that f(x,j) = 1 > 1 — 2-/, so 
that x ¢Giy...yG,. Thus X is not compact. 

Now put H,, = {y :f(m,y) > 1 — 2-™}. Given y VY we choose m so that 


Ym is the first non-zero coefficient of y. Then 


f(m,y) = Vm + (1 a, 2") (Ym+1 + Vm+2 +...) >1—2 


so that y € H,,.. Therefore {H,:m = 1,2,...} is an open covering of Y. 
However it has no finite sub-covering because if y is the (m+ 1)th pure 
strategy y = m+ 1 we have for i < m, f(i,m) = 1 — 2-‘', so that y ¢ H,. 


Thus Y is also not compact. 
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We shall omit verification that the game satisfies the hypotheses of the 


theorems cited above. 


2. 


3. 


a) 
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ON THE INVERSION OF THE GAUSS 
TRANSFORMATION 


P. G. ROONEY 


1. Introduction. The inversion theory of the Gauss transformation has 
been the subject of recent work by several authors. If the transformation is 
defined by 


1.1 f(x) = G(o(x)) = (4r)™ j e *?-"" g(t)\dt. 


then operational methods indicate that 
exp (— D*) f(x) = o(x), 


under a suitable definition of the differential operator. Hirschmann and 
Widder (5; chap. 8) have shown that this is indeed the case if the operator 
is defined by use of the formula 


: ; | eat : 
e” = lim — j K(s,t)eds, 
tal aE J ai 
where 
K(s,t) = (#/t)® exp (s?/4f). 


Also Widder (8; § 1) makes use of the formula 
ce =r j e ‘cos yldt 


to define exp (— D?). 
A more straightforward approach seems to be to use the power series for 
ev 


This we shall do here, defining 


1.2 e” f(x) = 7 (— 1)"f°" (x) /n! 
n= 

This approach seems to have been originally suggested by Eddington (2). 
Eddington did not study the convergence of this series other than to note 
that for some very simple Gauss transforms, the series diverges. Widder (8: 
§ 1) remarks that for some very simple transforms the series is not even 
summable in the Abel sense. Pollard (6; § 8) showed that if @ © Le (— @, @) 
the series converges in the L.-sense to ¢, that is 
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o(x) = Lim. >> (— 1)"¢°(x)/n!, 
rl .».o n 0 
but nothing seems to be known of the pointwise convergence of the series. 
Here we propose to give sufficient conditions for the series to converge and 
g 
to be Abel summable to ¢(x). This occupies §§ two and three respectively. 


In § four we make some applications of our results to the study of Hermite 


polynomials. 


2. Convergence of the series. Theorem | gives sufficient conditions 
for the series II to converge at a point to the mean value of ¢ there. 


THEOREM 1. // 
(i) @ € L(— 6,6) &>0,and |t\*e"*"” “o(t) € L(- @&,@), 
for some X > 3, 
(ii) @ is of bounded variation in a neighbourhood of xo, then G (o(x)) exists 


for all x, and the series 1.2 converges at x = x» to 4{o@(xo +) + @ (xo —)}. 


Proof. The existence of Y (¢(x)) is clear. Now by (3; 10.13(7) and 10.13(2)), 
De * = 2" He, (4x) = &* rl(— 1)'L7*(4x"). 
But since f(x) is a bilateral Laplace transform, it follows from (1; chap. 3 
§ 2) that we may differentiate the integral for f under the integral sign as 
often as we choose. Thus 


®r) ri(— 1)’ 


f° () = (4x) a e 7"? Le (A(x — t)*) o(t)de. 


Hence if s,(x) denotes the mth partial sum of the series 1.2, we have, using 
(3; 10.12(38)), 


n 


Sy(Xo) = > (— 1)?” (x0) r: 


r=0 


l a —}(zro—0)° ; : 2 
= (ix)! f_ — » 2 L;* (4 (xo —_ t) ) d(t)d 

Si in ni? te + nil _ 
= /9 a 2 $. 1 + P 

(f oo + a —-n™' Sn, + pa) LAG a 
=> I; + I, oo Is. 
Consider 7;. By (3; 10.18(14)), 
e* |L%(x)| < Tla+1+n)/n! Ta +1), a> 0. 
Hence 
'(n + 3/2) f (zo-0)?/8 
|< ae ne ** t) | dt 
Is r(3/2)n'(4r)’ Jxo + ” aed (0) |< 
C(n + 3/2) ai (zo— 1)? /8 


eA» A F 
q. ni(xe + n>) J. 4 nil te o(t) \dt. 





—_—_—_—~ 
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But from Stirling’s formula, ['(n + 3/2)/n! = O(n’) as n > @, and thus 
P(n + 3/2)/n!(xo + n®) = O(1) as n> @, 


so that J; = o(1) asa — o. Similarly J; = o(1) asn— o. 
Now by (3; 10.15(2)) and using Stirling’s formula, since \ > 3, 


Li (4x*) ~ (2/mr)'e? “sin ((n + 3/4)'x) /x 


as n — ©, uniformly in — 2'/" < x < n'/*, Hence 
Xo + n —_ ° i 
] (ro— 2/8 SIN ((” 3/4)? (xo — t) 
~t{ ae 7/8 ( + ) 0  o(t)dt 
ee n' Xo —t 
1/2A 
~o te & ~_2 
For J, we have if n > 0, 
~2 
I | /2 "jee iets: (t) (f — “> dl, 
6| < Ix. + a! a» € v4) Xo \e 


so that J, = o(1) as n— o, and similarly /; = o(1) asn—- &. 
But by the Fourier integral theorem, 
I, —> 44 b(x0 +) + o(x0 —)}, 
so that 


lim Sn (Xo) = 4} b(xo ~ + (Xo _ 


N yer . 


and the theorem is proved. 


3. Abel summability of the series. 
THEOREM 2. /f 


1. e-0-9*/8g (4) C L(— @, o), 
2. (xo +) and (xo —) exist, 


then Y (@(x)) exists for all x, and the series 11 is Abel summable for x = xo to 
$1 6(xo +) + (Xo —_ )}. 


Proof. The existence of G (@(x)) is clear. If 


« 


u(x,t) = >> (—#)'f°?(x)/r\, 0<t<1, 


r=() 


we must show that u(xo, 1 —) = 3{¢(xo +) + o(xo —)}. But as in the proof 
of Theorem 1, 


f°? (x) = ——- ee LI A(x — y)*)o(y)dy. 


er 


so that using (3; 10.12(17)), ifO0 <¢ <1, 
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u(xot) = (4x)? >> a eH TAA(xy — y)*) o(y)dy 
l = —b(z9-y)? — rTr- 2 
ae e > t'L>*(4(x0 — y)*)o(y)dy 


1 in ~(ro—y)* ( t) 
Se 7 e ""? o(y)dy, 


provided we justify the interchange of summation and integration. 
For this it suffices to show that 


K(xo,t) = (4x)? >> a eg teen" L7*(4(x0 — y)*) o(y) ldy 


ref) 


is finite. But from (3; 10.18(15)) it follows that 
L7*(x)| < 2e”, 
so that 


, l * (re—y)? 8 j 
K (xo,t) < wi -D) Joe o(y)|\dy < @ 


for 0 < ¢ < 1, and the interchange is justified. 
Hence if 0 </<1,6>0, 


l f —(re—y)* 41-2) 
tot) = ————— 
u(Xo,t) (4701 — iy i, o(y)dy 
ezo—é zo+é tor 
- | + + | =[,+ 12+ 3. 
J _~ ro—é ro+é 
Consider J;. Since e~@*-”)**4C-® decreases for y > xo, we have 
l e 2 
, < Se! _—(20—y) "(401-18 
SG Te oO) idy 


_ a> eee. a (zo—y)* 1/401—) —4(r0—9)?*| \ida 
~ Gx = aT Sosa! ’ oes 
eh tia-o o 2 
S Sa —<s(zo—y) | — atmi_. 
< (el —y J o(y) \dy ) ast 
Similarly J; ~0 ast— 1 —-. 
Finally from (7; chap. VII, Theorem 2b and corollaries 2b.2 and 2b.3), 
T, — ${6(xo +) + (xo —)}. 
COROLLARY. /f 
ere o*/8 4(t) ¢ Sins oe. @) 
and xo is in the Lebesgue set of o, then G (@(x)) exists for all x, and the series \\ 
is Abel summable for x = xo to (xo). 


The proof is identical with the proof of the theorem except that we do 
not use (7; Chap. VII, Corollary 2b.3). 








3), 


cH 


do 
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It may be mentioned that 
1? /8 
i+¢ 
provides, with x» = 0, an example of a function satisfying the hypotheses 
of Theorem 2, but not those of Theorem 1. 


4. Applications. Theorem | yields various results about Hermite poly- 
nomials. For example, it follows from (3; 10.13(30)) that 
@ (H,(ax)) = (1 — 4a*)#*H,(ax/(1 — 4a?)), —4<a<}. 
Now from (3; 101.3(13)), 


D'H, (bx) = J (2b)’ - n(m — 1)... (nm — 7 + 1)H,_,(bx), r<gn 
ow lo r>n. 
Hence from Theorem 1 we have, if — 4 <a < }, 
jn) 
" r 2\ 4m m(m —1)...(n — 2r +1) 
H, (ax) = (1 4a‘) > rt 


*(— 4a’/(1 — 4a’))'H,_»,(ax/(1 — 4a’)'), 


or changing ax/(1 — 4a)’ to x, and letting \ = (1 — 4a?)!, 
[hn] é 
m(mn — 1)... (nu — 2r l 2 oo 
H, (Ax) = > ¥( 2 + dn? — 1)'\"-'"H,-2,(x), 
r=() : 


the result being clearly valid now for all X. 
Another interesting application comes about as follows. An easy calculation 
shows that for all real 2, 


4 ie ail 2,2 r? ez? 

G ((1 + 40°) he" 7 OF) eo * = f(x), 
and it follows easily from differentiating this formula that 

Gl + 40°) xe 7 ON) = xe * = g(x). 


Theorem 1 can be applied to these functions if — 4} < v < 4. Hence since, 
from (3; (10.13(7)) 


f(x) = De"? = (— 1)'v"e"" Hz, (ive), 
and using (3; 10.13(10)) and Leibnitz’s rule, 


q@ 2 2,2 2r vs? , 2r—1 e*z* 
g(x) = D'xe"* =xD"e"* + 27D” e"’ 


(-— 1)'v"""e"* (2ioxH, (ivx) — 4rH.,_;(ivx)) 


- (— 1 \%y*?-1 


91 


"Hen (tux) /27. 


Thus from Theorem 1, if — 4 <2 < }, 
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=3) 


2\- 272 /(14+40?) 2,72 2 . j 
(1-407)! eG = 6 > 0 He, (ivx)/r!, 


r=0 





and 
(1-407) 720 eI) = (259")—' 6” > v’* Hos; (ive) /r!, 
whence on dividing we obtain 
(1+ 4p”) etrrater = > v”’ Hs, (ivx) /r! 
and 


2\-—3/2 »:2 4x2 /( 1449?) 2r+1 . 
(1+40°)~** - Qiv’x ef 7 = >) 0” * Hors (ivx) /r! 
r= 
Now for every v, — } < v < 4, each series of the last pair converges uniformly 
with respect to x for x in any closed bounded region of the complex x-plane. 
This follows for the first series, for example from the M-test on making use 
of the inequality 
H2,(x)| < 277+! r! ef? 
given in (3; 10.18(16)), and for the second series similarly. Hence by the 
principal of analytic continuation, the series converge to the indicated sums 
for all complex x, and another appeal to analytic continuation with respect 
to v shows that the formulae hold for all complex v with |v] < }. Finally, 
changing ivx to x, and adding, we obtain, in agreement with (4: 19.7(11)), 
1 + Qux + 40° ge2e2 c144e? BA 
——— a © ' = v' FH, (x) /({}n}! 
(1 + 4°) 2 > o (3 


valid for all complex x, and all complex v with || < 3. 
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INTERNATIONAL CONGRESS OF MATHEMATICIANS 1958 


FIRST COMMUNICATION 


At the invitation of the City and University of Edinburgh and the Royal 
Society of London, the International Congress of Mathematicians will meet 
in Edinburgh from August 14th to August 2lst, 1958. His Royal Highness 
the Duke of Edinburgh has graciously consented to extend his patronage to 
the Congress. 


The Executive Committee is inviting a number of mathematicians to deliver 
one-hour and half-hour addresses. There will also be daily sessions devoted to 
fifteen-minute communications. Those who wish to present such communications 
will have an opportunity of offering to do so when they receive the Second 
Communication. 


There will be eight sections, namely: 


. Logic and Foundations. 

. Algebra and Theory of Numbers. 

. Analysis. 

. Topology. 

. Geometry. 

. Probability and Statistics. 

. Applied Mathematics, Mathematical Physics and Numerical Analysis. 
. History and Education. 


A programme of entertainments and excursions is being planned. 
There will be two categories of membership of the Congress: 


Ordinary members, who will be entitled to participate in the scientific and 
social activities of the Congress and to receive the Proceedings of the Congress, 
and 


Associate members accompanying ordinary members of the Congress, who 
will be entitled to many of the privileges of ordinary membership, but will not 
participate in the scientific programme and will not receive the Proceedings. 


Those who wish to receive further information about the Congress are 
requested to communicate their name and full address to the Secretary as soon as 
possible. Towards the end of 1957 they will receive a Second Communication 
giving more detailed information and specifying the fees to be paid by members; 
a form of application for membership of the Congress will be included. 


It would be of considerable assistance if, where possible, correspondents 
would use English, French, German or Russian. 


Mathematical Institute, FRANK SMITHIES, 
16 Chambers Street, Secretary of the Congress. 
Edinburgh, 1, February 1957. 
SCOTLAND. 
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